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PART II

This part of our report presents a more detailed elaboration and discussion
of the mathematical content of the central concepts we have designated as the
Mathematical Strands of the mathematics curriculum for grades K-8.

In the first part of our report we discussed the pedagogical philosophy
which we believe to have an importance equal to that of the mathematical content
itself. The implications and overtones of that philosophy are readily apparent
in the development of each strand.

We are hopeful that this document will be of use to writers, publishers
and teachers. We do not seek to be prescriptive to authors and publishers, nor
do we intend this as an outline for an in-service course for teachers. Within

, each strand we list examples to convey the general scope and sequential develop-
ment of the mathematical content. We hope that writers, publishers and
teachers will find here a strong and clear statement of many subtle and crucial
issues in curriculum planning together with our recommendations and commitments
on these issues. The obvious restrictions of space and time have not permitted
us to give a definitive treatment of any one strand.

The strands which we have selected for special emphasis split naturally
into two categories. The first category includes the Strands of Number and
Operation, Geometry, Measurement, and Probability and Statistics. These strands
are the.basic cognitive subdivisions of the mathematics curriculum itself. The
other category includes the Strands of Applications, Sets, Functions, Logical
Thinking, and Problem Solving. These strands are catalysts, or processes,
which are present to some degree in every mathematical enterprise to facilitate
mathematical analysis. No single Strand can stand by itself; together they
constitute a strong viable program. To slight one Strand is to significantly
weaken this program. It would be equally unfortunate to give undue emphasis
to one particular Strand. A satisfactory curriculum will display and use these
interdependent strengths in itc development.

A word about algebra,. We believe that the next five years will see more
and more students ready for a first course in algebra at the beginning of
Grade 8. Indeed this is a conservative prediction if the program we envisage
has the merit we claim for it and if the program is adopted and implemented
with a significant in-service training program. We can even anticipate the
day when every college capable student will have had algebra before entering
Grade 9.

We do not feel that algebra should be identified as a strand in itself,
anymore than arithmetic should be considered a strand. The central ideas of
a modern algebra course can easily be identified as an extension of the
framework of the Strands described here. We have not chosen to show this ex-
tension in each Strand because we feel that the major emphasis of our recommen-
dations must concern the mathematical training of students up to algebra. On
the other hand we do feel that algebra is appropriate for Grade 8 and we
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recommend that it be included for as many pupils as are now prepared for it.For this reason we have added, as a coda, a brief outline of what we envisageas a suitable program for algebra. This program is based upon our recommendationsfor what we have called the K-8 curriculum.

vi
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Strand 1. Numbers and Operations

The major content of the study of numbers in the mathematics program for
Kindergarten through Grade Eight is a full development of the rational number
system and an introduction to the real number system.

What is a number? In the discipline of mathematics, a number is an
abstract object identified by its properties. However, in the instructional
program in mathematics, numbers must be regarded as ideas derived from and
applicable to situations and problems encountered by the learner. The program
must provide activities which guide pupils from intuitive recognition of
relationships through increasingly systematic ways of thinking. In developing
ability to work with abstract symbols, most learners will need to "look through"
symbols to the images of events in their experience which have given meaning
to the symbols. These images may be of a physical activity in which a relation
was recognized, a picture or a diagram which served to clarify a relation, or
a pattern of symbols of a lower order of abstraction.

The system of rational numbers should be presented as a system of expanding
ideas. In such a presentation the learner encounters the whole numbers
(0, 1, 2, These numbers are ordered, named by a positional system of
notation, and the basic operations with their properties are introduced. The
system of positive rational numbers and 0 (sometimes called the fractional
numbers) can be studied next. The system of whole numbers is extended to the
integers by:consi4eriqg the,numbers -1, -2, -3, ... . Finally, the study of
such numbers as 1, -1 completes the system of rational numbers. The
operations and properties, first developed for the whole numbers, are extended
to each system as the study proceeds.

Throughout this development the number line should be employed to provide
a geometric representation of number leadin to the idea that each rational
number corresponds to a point on the number line. By Grade 8 it will be known
that, for example, Wis not a rational number, yet by a geometric construction
there is a point on the number line which, in a natural way, should correspond
to 1/E The real number system may then be developed as a completion of the
rational numbers on the number line so that every point of the number line is
in one-to-one correspondence with a number.

While the sequential development should in general be carried out as
described above, there must be considerable overlapping. Preparatory activities
for more formal study of each extension of the number system begin early and
should continue through a long period of time. For example, experiences with
fractional parts of objects may occur in kindergarten, several years before
the learner works with rational numbers as such. At the upper level, preparation
for study of the real numbers includes the decimal expansion of numbers. The
decimal expansion of a rational number is periodic, e.g., .7143143 .

.5333 ., or . 25000, and conversely a periodic decimal names a rational
number.

There are comparatively few difficulties in developing the concepts and
computational algorithms for the system of whole numbers. The development
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of the full system of rational numbers requires two stages. One stage is the
introduction

3
of ple positive rationals: "How can you divide 1 by 2?" "Why

2doesn't + = ?" The other stage is the intxoduqion of negative numbers:
"How canIyojsubtract 3 from 1?" "Why doesn't ? It is logically
immaterial whether the introduction of negative numbers precedes or follows
the introduction of the positive rational numbers. Both stages are analogous
and yet each contains its own subtleties.

Pedagogically, we recommend a course which deals independently with these
stages. This is particularly important in the early grades. There are many
instances when it is natural to introduce a few of the negative numbers, say
(-10, -9, -8, ..., -1), as a countdown procedure, or to label points on a
temperature scale or on the other "half" of the number line. Easy arithmetic
.prcblems involving addition and subtraction of small positive and negative
integers can be handled. For example: If the spacecraft was on automatic
control from 11-2 hours until 11+ 1 hours, how long was it on,automatic control?

rational numbers, (4, , i) to express parts of a whole. These should

At the same time will often need to use the familiar positive

ibe introduced informal y as the need arises and experiences should be tied
closely with physical problems. Here again it is possible to handle easy
situations of addition and subtraction without the complicated fanfare of the
most general of rules. The more difficult arithmetic operations of multiplication
and division and the general rules for these as well as for addition and
subtraction in the full set of rational numbers occur later in the curriculum.
These topics require a fuller understanding of the number system.

Figure 1 shows the relationship of the whole numbers, the integers, the
rational numbers, and the real numbers.

Figure 1
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Activities that guide the learner to recognize and generalize the central
unifying ideas in these number systems aid him to progress toward systematic
thinking. Generalizations feed back, giving support to existing ideas, as
well as feed forward, opening the way for new ideas.

Early informal experiences which provide intuitive background for the
development of systematic ideas at a later stage are difficult to categorize.
In kindergarten and early primary grades activities such as those in which a
child builds with blocks and other materials, handles objects of different
shapes and notes characteristic features, sorts and classifies objects in order
of size, fits objects inside others, experiments with a balance, recognizes
positional relationships, recognizes symmetry, searches for patterls, and
reasons out ideas are highly important. Through such activities children develop
ideas of relationships that contribute to the Strand of Numbers and Operations
as well as to other strands of mathematics.

Situations that occur naturally in the classroom or on the playground, as
well as activities with materials specifically designed to promote development
-of certain ideas, games, and puzzles provide experiences of the type described
above. While engaged in these activities, children should be encouraged to
talk about what they are doing, both with the teacher and with each other.
These articulations provide a readiness for reading and writing mathematics.

The teacher introduces new words or language patterns in close association
with activities that make meanings apparent. Assimilation of vocabulary and
language patterns into the children's own speech and thought is expected to
occur gradually over a considerable period of time. Children first give
evidence of understanding the teacher's usage; then they begin to use the words
and patterns spontaneously in their speech. Often the first uses are imprecise.
The teacher accepts and perhaps even repeats a child's speech. Then, sensitive
to his intendei meaning, the teacher guides him to precision through a skillful
question, a statement of agreement that rephrases the idea, or a statement of
amplification. Development of ideas and language can be blocked by rejection
of a child's first fumbling attempts to cope with what may be, to him, enormous
complexities.

The principal unifying ideas in the strand of NUmber and Operation are:

Order, Counting, and Betweenness
Operations and their Properties
Identity Elements
Numeration Systems
Mathematical Sentences

A Order, Counting, and Betweenness.

For any pair of numbers, a, b, exactly one of three possible relations
exists:

a < b, a = bt or a > b.

-3-



5
Activities in which children, compare . the,numbers:, of sets of objects

without resoreing to countinglead directly to theconcept of the counting
nuMbers. Learners can compare the nuMbers of two sets of objects by pairing
thOiembers one-to-one and discover the possible relations. For example, if

chi4rs and children are paired to see. whetheT there is a chair for each child,
ont?of the relations more, fewer, or as mates,. wilt be found to exist.

Onde a c*Id can compare sets of objects-and determine whether they are
equivalent Or non-equiValent, the learning of relations between numbers

)4 can:be promoted by arranging sets of objects in sequential order.
By this time, many children have learned to associate the spoken nines of

dumBers with the cardinal numbers of mall sets of objects and zero with the
nuMber of the empty set. Experiences in arrangingsets of objects in rank
.order help pupils to see the order of numbers and to_ learn the names of the
natfiral nuMbers in counting sequence.

Onanting requires matching the members-of A. set of objects with the
Members of an ordered set of names of thecounting numbers. Some children
requite help in keeping the ordered set ofnumber names in one-to-one corres-
pondence with A set of objects they are counting, and must move, touch, or
point tbthe objects and say the words alouct if they are to count correctly.
Many activities which involve counting in a variety of situations are important
to Avoid Confusions arising from partial learnings.

' The number line, which relatesseometry'and nueber, exhibits many im-
portant facts about nuMbers. In early:experiences, a number line can be marked
or faid out on the floor with masking tape. A,starting point (origin) can be
identified and-the children-can take steps along the-line, counting as they
step. &bon numerals may be associated .with the points, with 0 as'the
origin. Numbers-of.steps taken-along the line by different childien can be
ComOired snd reIative-positions discussed, for example, before, between,
*fate. Liter,-movement along the line-may .be represented by marking a number

liniVdrawn on the chalkboard or paper. Such activities proVide intuitive
bacXground for ideas that will not-be formulated in words until long after
theSe initial experiences.

Aihen the number line is used, a < b means that the point corresponding
to a is located to the left of (or.beIow) the point corresponding to b.

A nuMber (point) a is said to lie between two other numbers (points), b,

c b < a and a < c. For any three distinct numbers, x, y, z, exactly
one of the three lies between the other two.

!Whtn the fractional representation for rational numbers is studied, the
nulber line helps pupils see that numbers whose fractions have the same
denominator are ordered .by the numerators of the fractions. They find that
they can make a decision concerning the order of any two rational numbers by
rensMing them so that the fractions have the same denominators.
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Figure 2

The number line shows that any negative number is to the left of (or
below) zero and is hence less than zero, and -4 is less than -1.

-4 -3 -2 -1 0 1 2 3 4

. Figure 3

When using both positive and negattve numbers it is often useful to
employ fhe concept of absolute value. The absolute value of the number a,
denoted lal, can be thought of as the distance from the point corresponding
to the number a to the origin. It may be defined by

r a if a 2t 0

t -a if a < 0

The number line should be used to point up the distinction between the
set of integers and the set of rational numbers. The rational numbers are
dense; between any two distinct rational numbers there is always another
rational number. Thus between a and b is the number 1-ti .

2

The number plane should also be introduced at an early stage. Here points
in a plane are identified by an ordered pair of numbers. The number plane
should be related to map drawing. The number plane lends itself to interesting
games and the study of patterns. For example, how can the points be described
which lie on the line through (0,0) and (1,2)? The number plane is necessary
for an understanding of functions and graphing.
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Operations and their Properties.

= Addition is an operation which assigns to an ordered pair of numbers,
called addends, another number called their sum. For example, to the ordered
pair of numbers (3,4) is assigned 7, their sum. The fact that the ordered
pair (4,3) is also assigned the sum 7 is an example of the commutative property
of addition. On the set of integers subtraction is also an operation.
Subtraction is the inverse operation of addition. If the sum and one addend
are known, the other addend may be found by subtraction. Multiplication is an
operation which assigns to an ordered pair of numbers, called factors, another
number called their product. For example, to the ordered pair of numbers
(3,4) is assigned 12, their product. Division is the inverse operation of
multiplication. If the product and one factor are known the other factor may
.be found by division.

:Concepts of the operations and properties haVe their roots in activities
that involve the joining and separation of nonintersecting sets of objects.
For example, suppoce Terri and Charles are painting at easels and Sara asks
tro paint also. The teacher may ask, "ikmr many children are at the easels now?
Howinany will there be when Sara joins them? Let's count to see if we were
correct." When the operation of addition can be associated with the numbers
of the sets then the number sentence 2+ 1 = 3 is written. Children now
see,s once again, that "2 + 1" and "3" are names for the same number.

'In experiences ieading to subtraction the learner separates a set into
two disjoint subsets and names the numbers. He finds that if he knows the
number of the original set and one of the subsets, he can find the number of
the other subset by subtraction. It should be noted that the learner is not
expeaed either to follow or to give a wordy description of the relationship,
which should be made clear through activities with such materials as sets of
objects, scaled blocks or paper strips, and the number line. Pupils should
experience various interpretations of subtraction including "take away",
ftcomparison", "how many more", and the inverse relation of subtraction and
addition.

Either addition or subtraction involves three distinct sets: two disjoint
sets; A and B, and their set union, C = A U B. Any of the following
describes the numbers in the sets:

N(A) + N(B) = N(C) N(C) - N(A) = N(B)
N(B) + N(A) = N(C) N(C) N(B) = N(A)

'llote also that the question, "What number must be added to 3 to equal
7?" has the symbolic form of an equation: 3 + 0= 7. The symbol 7-3 names,
by definition, a number which when added to 3 is 7.

In the learner's early experiences with multiplication, the operation is
defined by example in terms of counting the members of a set formed by joining
disjoint sets that are equivalent. A rectangular array of objects is helpful
in clarifying this interpretation of tilt: operation. Appeal to the idea of
repeated addition of equal addends may aid the learner in interpreting the
operation.
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The Cartesian product interpretation of multiplication extends the concept
and makes it applicable to types of problem situations for which repeated
addition is not an adequate model. For example, suppose one wants to find the
number of different combinations one can make from three shirts and four pairs
of slacks, or the number of different combinations that occur under the
operation of addition with the numbers 0 through 9.

In the Cartesian product interpretation of aultiplication, we pair the
elements of one set with the elements of another and then enumerate the number
of ordered pairs that results. Figure 4 illustrates the possible pairings of
a set of three objects with a set of four in a rectangular array. Each of the
pairings can then be represented more simply. We can determine the number of
elements in the array by a variety of methods, -- counting, repeated addition
and multiplication.

0* 13 CIV 04
0* 0. OV C14

Il* A AV 4664

4
* *

4
* * * *

3 4 4
* * * *

4 x3
12 12

Figure 4

4 + 4 + 4 se 12

3 x 4 = 12

Division is the operation for finding one factor if the product and the
other factor are known. In the early stages of learning, the relation is made
clear by separating a set into equivalent subsets and determining the number
of them. Appeal to the idea of successive subtraction may aid children iu
interpreting division. The number line can be a helpful aid in illustrating
this interpretation of division.

Note that division is the operation which solves, for example, the
equation 3 X Q = 12. The symbol 12 + 3 names, by definition, a number which
when multiplied by 3 is 12.

Another important aspect of division is "division with a remainder".
Within a set of numbers, for example, the set of positive integers, it is not
always possible to divide one number by another. (Indeed, it is this deficiency
of the integers that motivates the construction of the rational numbers.) Thus,
for example, 14 cannot be divided by 3; there is no integer whose product with

-7-



3 is:14; the equation 3 x 0 III 14 has no solution in the set of integers. We
can however write 14 = 3 x 4 + 2. An array such as the one in Figure 5
illdstrates this relationship.

3

4 SlomMaligam

o *

* *

Figure 5

'Properties of the operations. Both addition and multiplication are
commutative, that is, the order in which two numbers are added or multiplied
doe3.not affect the result. Both addition and multiplication are also asso-
ciative, that is, the way in which the numbers are grouped for addition or
for multiplication does not affect the sum or the product. Subtraction and
division are neither commutative nor associative. Multiplication is distributive
over addition. Figure 6 illustrates that the product of a number and the sum
of two numbers is the sum of the products of the first number and each of the
addends.

5 3

* * * * * * * * 4 x (5 + 3) = 4 x 8 is 32

4
* * * * * * * * (4 x 5) + (4 x 3) = 20 + 12 = 32

* * * * * * * *

* * * * * * * *

Figure 6

Distributivity of multiplication over addition and subtraction is an
extremely useful and important property, since it is basic to .011 multipli-
cative algorithms. It should be emphasized in the elementary school program.

Division distributes over additiOn and subtraction in the form,for example

(8 + 12) + 4 = (8 + 4) + (12 + 4)

since .20 + 4 = 2 + 3

5 5.

On the other hand

20 + "(2 + 2) 41 (20 + 2) + (20 + 2)

since 5 # 10 + 10.

-8-



The teacher should know and understand mathematical terms, for example
commutative, associative, distributive, identitx, element, opposite, inverse,
absolute value. When the learner gives evidence of familiarity with an idea,
the teacher can begin to use a new term easily and informally and give him
opportunity to build it into his awn speech. Later, attention should be given
to it in the reading vocabulary. We suggest that mathematics books can provide
an excellent source of material for teaching the reading of mathematical content,
and might, on occasion, be included in the reading program. Mathematical
experiences are also a rich source of ideas for children's writing.

By the end of the elementary school mathematics program, most pupils
should be able to understand and read the standard terminology and language
patterns for mathematical concepts which they have learned. Learning to
understand and read specialized language takes place through many opportunities
for use rather than through memorization and parrot-like repetition.

It is doubtful that either sound knowledge of underlying structure and
principles or facility in computation can stand alone. One enhances the other
not only in its usefulness but also in its attainment. Skills gained in the
absence of understanding are soon forgotten and not readily transferable to
different situations, and concepts attained without the support of skills are
frequently not operational. We recommend experiences that enable the learner
to develop a degree of facility in computation that gives him confidence in his
ability to deal with numbers and their applications. Since much of the arithmetic
of daily life involves estimating and computing without the use of pencil and
paper, these are important aspects of computation.

Sets of exercises arranged so that patterns may be discovered assist in
the development of generalizations. When children have stated a general idea,
such questions as, "Does this idea always work?", "Does the idea work with
larger numbers?", "Can you find an example in which the idea does not work?",
stimulate practice that reinforces knowledge of basic facts and develops
confidence in working with greater numbers.

Identity Elements.

The numbers zero and one have special properties with respect to addition
and multiplication. The addition of 0 to a number results in the same (the
identical) number. Thus A + 0 = 0 + A = A for all numbers A. Hence zero
is called the identity element with respect to addition.

Similarly one (1) is the identity element with respect to multiplication.
This concept plays an important role in computation with fractions. Through
experiences with objects, the number line, and geometric figures separated
into congruent regions, learners may be guided to see that I may be expressed
as.1., 4, 4. 1 6

. . . Then they can discover whyi is another name forz, is

anothet ngme for 2 and so on. For example

1 X 1 2 x 1. 1 X 2 3 X 2

1 X 4 2 X4' 1 X 3 3 X 3

.74:4"K.M.A.',Z,;4,--.44;64,441;4, 4_44,4.4:4,4,2.0.4A44614,,A.,,;.,444..



The reason is, of course, that multiplying both the numerator and the denomi-
by the same counting number amounts to multiplying the fractional number by 1;
a = a. Here is a table which may be useful in comparing the properties

of the rational numbers under fiddition and multiplication.

Addition (+)

a 4-b=b+ a

a + (b+c) = (a+b) + c

0:0+a-a+0=a
*a + (-a) = 0

Ifa+b=a+cthen
b = c

Commutativity

Associativity

Identity element

Inverses

Cancellation

Multiplication 0)

aXbucbXa
a X (b)(c) (axb) X c

1: 1XastaX1=a
If a 0 then a X (1) = 1

If a 1# 0 and a X b as a X c then
b c

Distributive Laws

a x (b+c) = (axb) + (axC)

x a = (bxa) + (cxa)

Order

For all a, b exactly one of the alternatives,
a = b, a < b or b < a, is true.

Ifa<bthena+c<b+c Ifa<band0<cthenaxc<bxc

Ndmeration Systems.

'Symbols are necessary both for purposes of communication and for efficiency
and economy of thought. A numeration system is a set of symbols for naming and
recording numbers. A number is a mathematical concept. A numeral is a symbol
for a number and names the number. For example, the number eight, the concept
which is associated with any set having the property of containing eight members,
has infinitely many names. Among them are:

24 3
eight, 8, VIII, 5+ 3, 32 + 4, 2 , and 10

eight

-10-



Certain rules or principles govern the use of the symbols in any 'system
of numeration. The two major principles of a place-value system of numeration
are base and place. The numeration system which we commonly use is the
decimal place7vatue system. In this system, with its ten diaits, 0, 1, 2, 3,
4, 5, 6, 7, 8 and 9, place value is the fundamental principle for organizing
the naming of numbers beyond nine. The ten digits can be placed in many
positions, arranged according to ordered powers of base ten, to express any
number in the system of real numbers.

A learnees concept of the decimal place-value numeration system has its
beginning in pre-school or kindergarten experiences when he first begins to
name numbers. The concept is refined and extended throughout the entire
mathematics curriculum. Among the ideas involved as understanding of decimal
place-value notation develops are

the positional relationships, left and right
concepts of the whole numbers zero through nine
and their order .

symbolizing value by the position, or place, of
a digit in a numeral

naming numbers in different ways, for example,
naming 532 as

5 hundreds, 3 tens, 2.ones 5 hundreds, 2 tens, 12 ones
53 tens, 2 ones 4 hundreds, 13 tens, 2 ones
532 ones 4 hundreds, 12 tens, 12 ones

the operations of addition and multiplication, for example

532 = (5 X 1190+ (3 X 12) + (2 x 1)
532 = (5 X To. ) + (3 X Tua) + (2 x Tiyou)

multiplying and dividing by tens and powers of ten
exponential notation, for example

532 = (5 )( 102) + (3 x 101) + (2 )C 100)
.532 se (5 X 10-1) + (3 X 102) + (2 X 10's)

Consideration of systems of numeration which do not utilize the principle
of place value can lead to appreciation of the advantages of a place-value
system and of the historical development of numeration systems. Study of
place-value systems with bases other than ten can contribute to understanding
of the principles of base and place in the familiar decimal system. Recognition
that properties of numbers are not dependent on a specific numeration system
should be a goal of such studies. However, systems of numeration other than
the decimal system should not become a major part of the mathematics program.

Mathematical Sentences.

When a learner has had many experiences with joining and separating sets
of objects and can recognize and name the numbers of the sets, he can begin



to use number sentences to record and communicate his ideas. He may, for
example, find that the union of two disjoint sets, one of four blocks and the
othdr of two blocks, is a set of six blocks. The sentence associated with
the numbers of the sets and the operation of addition is, four plus two
equals six. Expressed with numerals and signs, the sentence is 4 + 2 = 6.
This form is shorter and easier to write than when words are used. Many
experiences with objects, pictures, and the number line lead to learning the
basic pattern + . Initially pupils count or simply
recognize the numbers of small sets to find the numbers they will name in a
sentence. Through such experiences they develop understanding of addition
and, begin to learn number facts, which enable them to perform the operation
more efficiently. Basic sentence patterns for the other operations are
established in similar fashion, that is from experiences in "real" situations,
to spoken sentences concerning the numbers, to written symbolism.

-A number sentence is simply a way of making a statement about numbers,
and when it contains only numbers and relational symbols it is either true or
false. In the example above, the statement asserted the equality; i.e., the
logical identity, of the number named by 4+ 2 and 6. The statement is true.
The statement 4+ 2 = 5 is false, since 4 + 2 and 5 do not name the same number.
The statements of inequality, 4 + 2 # 5 and 5 < 4 +'2, are true statements.

In number sentences various symbols, such as C.D La 9
9
. 9

x, a, c, k, are used to represent numbers from specified sets. Equations
or inequalities that contain such symbols are called open sentences. Their
truth or falsity depends upon the numbers used to replace the symbols.

Experiences with sentences having variables in different positions
extend an understanding of operations and properties and provide an intuitive
background for algebra. Geometrically shaped frames are useful in early experi-
ences, since children can write numerals within them and are not hampered by
the necessity of rewriting. However, as soon as children can easily distinguish
between numerals and letters, they should have experiences with the conventional
use of letters for variables. Solution of number sentences can form the basis
for interesting puzzles and games which, in turn, generate fun and learning
simultaneously.

Number sentences are particularly useful in guiding learners to generalize
relationships and properties of numbers. They provide a form for recording
ideas in which patterns may be discovered and for making general statements
concerning them. For example, pupils may be challenged to find the "secret"
for solving such sentences as 5 +LA- 5 to gain insight into the role of
identity elements. Such statements as (12+ 0 ) on 12 give insight into
"doing" and "undoing", that is, inverse relations. When the secret has been
discovered, a generalized statement may be formulated, ( cp 4. 41 ) = E3
or (a+ b) - b = a for all numbers a and b.

Sentences should increase in complexity as children develop ability and
need to analyze more complicated problems. The use of parentheses requires
special attention. Probably parentheses will first appear in the associative
law: 2+ (3+5) = (2+3) + 5. Parentheses must be introduced in expressions



involving several operations, for example (8-4) + 2 4+ 2 = 6 while
8 - (41-2) 6 = 2; Parentheses serve as a sign to "do this first". We
employ certain conventions to avoid a cumbereome use of parentheset. For
example, additions and subtractions are performed in the order in which they

occur, as are multiplications and divisions. 1141tiplications and divisions

are performed before additions and subtractions unless otherwise specified by

symbols of enclosure. For example:

8 - 4 + 2 always means (8-4) + 2. To express

8 - (41-2) the indicated parentheses must be used. On the other hand

8 + 5 - 2 means (8f5) - 2 us 13 - 2 = 11. Here the alternative

8 + (5-2) is also 11.

Another example is

6 + 4 X 3 which means 6 + (4X3) 6 + 12 = 18.

To indicate (614) times 3 we must write (61-4) x 3 = 10 x 3 m 30. Consistent

use of parentheses to indicate order of the operations establishes background

for later formulation of rules. Usually the need for brackets and braces to
indicate that the terms enclosed are to be treated as single terms does not

occur until the later grades.

Relationships between mathematical functions appear in sentence form.

A particularly important example is provided by the mathematical sentences

used to characterize the function which expresses the distance between two

points. :ibis example is suitable for advanced students in Grade 7 - 8.

Let two points be a and b. Let the distance between the two points be

denoted by d(a,b). For example, if a and b are opposite vertices of a

square of side 1, then d(a,b) = -1/1. The function d(a,b) is characterized
by three properties expressed by the following three mathematical sentences:

(i) d(a,b) = 0 if and only if a = b

(ii) For every two points, a and b, d(a,b) = d(b,a)

(iii) For every three points a, b, and c, d(a,b) < d(a,c) + d(c,b).

Property (iii) states that for any three points
a, b, c (for example see Figure 7) the distance

between a and b is less than the sum of the

distances between a 'and c and b and c.

When a, b, c are points on a number line
(see Figure 8) then d (a,b) a la - 1)1. Then

(iii) becomes the important relation

la - bl < Is - ci + fc - bi.

-13-
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In the upper grades, 6, 7, 8, it will be important to analyze and solve
more complicated mathematical sentences in a single variable. This may be
done from the point of view of solution sets, or as a series of equivalent
mathematical sentences. Here is an example:

For what numbers x is 2x + 3 < (2 + 5x) - 8?

(1) 2x + 3 < (2 + 5x) - 8.

Now consider the right hand side of (1). For all x, (2+ 5x) - 8
= 5x + 2 - 8 = 5x - 6. Hence for every xi (1) is equivalent to

(2) 2x + 3 < 5x - 6.

.That is, for every x, (1) is true if and only if (2) is true. We can also
say that (1) and (2) have the same solution set.

(3) 2x + 3 + 6 < 5x - 6 + 6.

(2) and (3) are equivalent and (3) is equivalent to

(4) 2x + 9 < 5x.

Next (4) is equivalent to

(5) -2x + (2x + 9) < -2x + 5x.

Now for all x, -2x + (2x +9) = (-2x + 2x) + 9 se 9. For all
-2x + 5x = (-2 + 5)x = 3x. Thus (5) is equivalent to

(6) 9 < 3x.

Finally (6) is equivalent to

(7) 3 < x.

Thus (1) is equivalent to (7) and the answer to the original question is:
"All numbers greater than 3" or tx.: x > 3); equivalently the solution set
of (1) is (x: x > 3).

The concept of the mathematical sentence provides an important frame of
reference from which to view the development of the integers from the whole
numbers and the development of the rational numbers from the integers. Here
is a sketch of this development which, should be of interest to all teachers
and will interest many students in grades 7 and 8. Basically, we need .to
solve problems (equations) which involve division and subtraction as well as
multiplication and addition. Often these problems are of such a complexity
that neither the system of whole numbers nor the integers is adequate.

We can of course solve equations like

(1) y+ 2 = 6 and (2) 2x. n 6

within the system of whole numbers.
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form

We need however to solve problems such as

(3) y+ 2 1 and (4) 2x = 1.

The system of integers provides at solution for all equations of the

y + c d

where c and d are whole numbers. The integer which is the solution is
denoted by d - c. The defining property of this number is that (d - c) + c = d.

The system of rational numbers provides a solution for all equations of
the form

ax = b (a # 0)

where a agd b are integeTv. The rational number which is,the solution is
denoted by The defining property of this number is that (il) a = b. The
symbol is called a fraction; it is a numeral, a name for a rational number.

The problems which now arise in the development of the rational numbers
are these:

When does II= 4?
Howare rational numbers added and subtracted?
.How are rational numbers multiplied and divided?
Haw can a greater-than, less-than relation be introduced
within the set of rational numbers?

Answers to these questions can all be motivated from the polnt of view that a
rational nussber is a solution to an equation. For example: How should
rational numbers be added?

a a uGiven E and Ti4 what is

We know that ri is a number x for which bx = a.

We know that is a numb2r y for which vy = u.

We are asking for x + y. We need to find an equation for which x + y is
a solution.

Now bx = a is equivalent to v(bx) = va and
vy = u is equivalent to b(vy) bu. Hence adding these two

equations yields

vbx + bvy va + bu or
bv(x + y) va + bu.



Thus x + y is a solution for the equation (bv)z= (va + bu) and so it follows
that x + y = arALLIE , or that a u cva + bul

by b v by '

It is an important theorem that having all rational numbers, positive
and negative, we can now solve all equations of the form

rx = s (r 4 0) and u + y = v

where r,s; u, v are any rational numbers.

The development of the rational numbers must demonstrate these structural
.properties. It is equally important that rational numbers and the four funda-
mental operations be viewed in a physical context. Thus to answer "when we
measure 27 yards in feet, how many feet do we get", we divide the number of

yards by the number of yards in a foot. That is

or

2

6
3+ =
2

6 + 1+ 1

2
al 7

1,
2

1 -15
3 al "i -: -5. sr 2%

The search.for solutions to equations will be continued throughout the
entite Mathematical program. Equations like

x
23M

2

will bring ireational numbers. Equations like

x
Zig

-1

will bring complex numbers. Functional equations like

f(xy) ill f(x) + f(Y)

will, bring logarithms. Indeed, placing a spotlight on equations provides a
guiding light to all of mathematics.



Strand 2. Geometry

The world around us is highly dependent on geometric shape and form. The

interrelations of these geometric forms affect and structure our thoughts and

actions. The universality of this geometric presence means that geometry must

be an important part of the mathematics program for Kindergarten through Grade

Eight. Everyone must know, for example, the significance of congruity and

similarity to mathematics and its applications. Early experiences should

develop an intuitive grasp of geometric concepts which will contribute to the

success of later studies in geometry. A singularly important role is played

by coordinate geometry as it fuses arithmetic, algebra, and geometry into a

primary tool of science and mathematics.

Because geometry is universal every child can find many physical models

of geometric concepts. Because these models are readily available and because

they have a demonstrable utility, the learn-.1: will find geometry easy and

interesting. A study of geometry will help each child to appreciate the role

of geometry, its patterns, shapes and forms, in everything around him. The

language of geometry enables him to communicate what he perceives to others.

The ability to perceive a given geometric situation will develop his powers

of analysis and classification and the utilization of known information in new

situations. These abilities contribute to the ever increasing eclectic body

of skills needed for problem solving. Therefore, geometry in all of its phases

is an essential part of the total mathematics program in the elementary school.

The geometry program in the elementary school is a program of informal

geometry. Here the word "informal" refers not to a casual manner of presen-

tation or emphasis but to the absence of a formally developed subject using

an axiomatic approach and stressing formal proofs. It should be the goal of

the geometry program in grades K-8 to provide the foundation for this type of

study. When appropriate, it.will often be useful to present short deductive

arguments.

An important part of the instructional program is the use of physical

witerials which have-been carefully selected to enable pupils to have experi-

ences with specific geometric concepts. A perspective drawing of a rectangular

prism in a geometry text will have more meaning to the learner if he has first

held a block or a box in his hand, described its various parts, analyzed it

to determine what parts he would have to make to construct a similar box, and

then actually made the model. Reconstruction activities lend themselves to

the utilization of problem solving skills.

Here are a couple of examples which require this sort of analysis:

1. Draw a polygon with exactly seven sides. (For the purposes

of a primary pupil, a polygon is a (closed connected) figure

with straight sides drawn on paper.) It is interesting to

contrast this problem with instructions to designate seven

points A, B, C, D, E, F, G on the paper and then to connect

"adjacent" points, A - B, B C, F - G, G - A, with
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straight lines. A bonus to this problem is the discussion
of convex and non-convex polygons.

2. In how many different ways may six squares with equal sides
be joined, side to side, so that the resulting six squares
may be folded up into a cube? For example can the six
squares of Figure I be folded into a cube?

Figure 1

The language of geometry is an important part of classroom
instruction. In the early years, the introduction of
geometric terms should be quite informal. For example, in
the early grades, as the pupil meets geometry for the first
time, teachers should accept the term "triangle" for "triangular
region". However, if teachers use the correct terms, then
pupils will eventually become precise in using descriptive
geometric terms. Pupils should also learn to describe a
geometric shape or form in relative or approximate terms.

(a)
\k\

Figure 2

(b )

For example, in describing the two rectangular regions in
Figure 2, the pupil should be able to first recognize that
both figures are bounded by quadrilaterals which are rectangles.
Second, the pupil should be able to describe (a) as having
one side which is very much longer than the other and (b) as
having one side just a little longer than another. Following
this initial intuitive approach, the use of formal descriptive
terms utilizing line segments will prepare pupils for a more
sophisticated abstract analysis.

.The properties of geometric figures can be presented through experiences
in classification. Classifying geometric shapes according to size and shape
makes pupils aware of similarities and differences between these shapes.
Further classification, based on other properties, will permit pupils to
analyze a geometric shape according to the properties of a triangle, square,
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rectangle, parallelogram, pentagon or hexagon. These properties are often used
in measurement. For example, in finding the perimeter of a regular polygon
such as a square only one side needs to be measured if one is aware that all
sides are the same length.

Other properties find interesting applications in, for example, construction:
Why does a carpenter, in checking a rectangular frame, measure the length of
the two diagonals?

Pupils should have experience interpreting pictures of geometric shapes
and forms in both two and three dimensional space. Construction of geometric
shapes with a straight edge and a compass should be included in the instruc-
tional program.. The making of a pictorial model should be encouraged even
though there may be an adequate model in the textbook. Such construction often
provides clues to the solution of problems. As a part of the study of polyhedra
we suggest an informal treatment of Eulerls formula. This can create a new
and exciting facet to the study of classifying geometric configurations. This
formula relates the number of faces, F,; the number of edges, E; and the
number of vertices, V, of a polyhedron: F+ V se E + 2.

Once pupils have had many experiences with the geometry of the physical
world in which they have been able to touch and see actual models of the
concepts being developed, they then have the sophistication to enter into a
study of geometry that cannot be directly visualized. In some respects, one
might call it "make believe" geometry for the pupils have to perceive such
concepts as.a point, line, and plane as ideals that exist but cannot actually
be represented in totality by a physical model. Primary pupils usually
have difficulty bringing true meaning to the concept of a point since it is
something they cannot see or touch. They are often unable to perceive the
set of all points in space or on a number line since their concepts of
quantity may not extend to such infinite dimensions. This, in itself, may be
justification for the delay .of these abstract concepts until grades 3-8,
although in a spirally developed curriculum, learners in grades 1-3 should
have initial experiences that intuitively develop the idea of a point as a
fixed location and a line as a set of points which is infinite. The study
of maps in the early-grades provides many opportunities for this intuitive
development as does the use of the number line.

The study of such abstractions as point, line, ray, line segment, plane,
and angle, shows they are related to models in the physical world. Every
attempt should be made to clarify these concepts through physical and
pictorial models. Although it is difficult to make blanket statements for
all pupils as to what they should know at a given level, it is assumed that,
for example, pupils by the end of Grade Six will be familiar with and be
able to describe a given line segment as the subset of a line ( A II )

which is formed by two endpoints (A, 8) and all of the points between them.

A basic concept in geometry is that of congruence. The concept of
congruence grows out of classification activities and of certain experiences
in the measurement of angles, line segments, the area of geometric shapes,
and the volume of geometric aolids. Two geometric forms or figures are said
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to be congruent if One cch be superiMpoted On the Other by a tiiid.Eiantiordation.
(APA rigid transformation is one which presifiet the digtande 6-tWdekiio points.
Such a transformation can be accomplished .by a deqUdiide of teitatidni abbut a
point, reflections about a line, and translationt. In OirtiCulai AO etretching
or squeezing ig perMitted.) Pupils Should uftdeititand the differked bdtgeen
congruence (=f-) and equality ( = ) as it 600l1de to gOOtry iinte thig
distinction is ofteh required in the axidiatie approach in latii getimetty.

Pupils should have experiences in CoMOdrifig tiMilar gediiettie figdiet.

They:should see the relationship of theyadii in,dabh of teVeral eásitIgly
larger circles. They should be involved ih prObleMs Which reqiiire theiii.tO see
the relationship between the size of the radiut_ähd the citcUmfekende oF dtea
of the circle. In studying the vOlute of C5rlindrical cOnt3inett,.f4i1g ShOuld
.see #e effect of changing the height at COMpited With thinging Ehe,iiditit of
the base. They will begin to see that if the hefght.dobifiet, SO Will thd VOluthe
whereas if the radius is doubled the vOluté is tivadtdOied. SÜC1 eitigiieneea
introduce the concept of ratio and proportiOn. 'Neje the enhafitid.fiy 6onstitic-
tion of similar figures (Draw a traingle that hat the SiOd tized ihgleii tiat
with,sides twice as long as those of the giVen tit/angle.) Driking thàpS to scale
also;illustrates the idea of similarity. .More gefietillY gdale diaidfigs lead
to an understanding of similarity And yield iñtèrésti licttón of
mathematics to physical situatioht.

Many elementary clastroom ekpetienCei in ac1ènc án 8ôciàl iaéricet
provide uses for the coordinate plane. Giiiihing of.data 'With
informal experiences in working with Ordered paita And gtaiihing thOe dideted
pairs on a coordinate plane.. Matheiatical ActiVitie*With ehe deadinite
plane provide pUPils With oppOreunitied tO solVe pt6tle0i, tránkiee MItheMideical
information from a table to a graph (di Vice VetgA), tO OtiktiCe.bitild
facts of arithMetic in game-like sitdatichit.

.

4 )

,,We recommend ihat coordinate geoMeiry be intraiked it the prikary IeVel.
Primary pupils Can plot Pointt in the fitsi dznt aM giaph data tecOrded
in science experitents. SucceSsive eXperienées. will Lit ,lvé1lf6Ur Tiadrants
and by grade eight pupils shotild be ible to. graph linear AO tC Oda-
tions as well as write the mathematical sentence that déteriiiii
These simple concepts of Cartesian geometry have 6Ahy applicatioft in teal life
and provide the best possible basis for pupil Chace in the st44-otidte
sophisticated mathematics at a later time'.

Metric geometry brings the strinda of gedMéery,.6Piti,titina,_ and Measuretent
together. Determining length, periMeter, area, Völnii, and aniatatiieiturekent
provictes learners with i batis for the Op/feat/6n .4if diinCeOS ind Iills
presented in the other strands. Mot only shOUld.'0Upirs haVe dOPOttlinity to
measure ge6Metric shapes and figuids With 'standard intitiiMentS the
ruler and compass, but they shoUld alSo have OPeriendei in WhiCh fivey have to
make,generaI measurements. /n the latter, the Maiitiitifieni-Wille ikOteated
in terms of greater thin or less,than telationthipt WithdUt a cidiniitative
designation. General measureMents ate. Made by viddal analysig Wch 'di placing
the model of one angle on top of anothdr tn ie 'at iii2412e

larger or smaller than the othei one.
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Strand 3. Measurement

Measurement is an integral part of everyday life, so much so that we
are often unaware of its extensive use and involvement in our thoughts, obser-
vations, and decisions. It is a key process in the applications of mathematics
since it is a connecting link between mathematics and our physical and social
environment. For these reasons it is vitally important that the elementary
school program include a detailed study of the measuring process. As a pupil
learns about measurements, he should be actively engaged in activities that
utilize both standard and arbitrary units of measure. Since the process
involves numbers, especially an extensive use of rational numbers, a large part
of its study should be included in the elementary school mathematics curriculum.
However, a substantial attention should be given to measurement in other
subjects, such as geography and science.

Measurement is a process whereby numbers are assigned to objects or a
set to represent certain quantitative facets of the object or set. For
example, the following questions require measurement for an answer: How wide
is this table? How big is a page of this book? How heavy is this rock? How
many words are on this page? How many seats are in this classroom if there
are five rows with six seats in each row?

The introductory stage of the study of measurement consists of becoming
familiar first with the sets to be measured, such as line segments, solids,
weight, time periods, and then with such common units of measurement as the
inch, foot, yard, meter, mile, pint, quart, gallon, liter, ounce, gram, pound,
gigafirken, minute, hour, day, week, month, and year. Familiarity with these
things and units of measure is gained through a variety of experiences in seeing
and feeling. Initially, comparisons are at a "greater than", "less than", or
equal to" level. The refinement and complexity of the various units of

measurement determine the grade in which each one is introduced in the school
program.

The analytical stage, which follows the recognition and identification
stage, can begin with the development of some fundamental concepts. It is
important to recognize that certain types of measurement may lend themselves
more readily than others for a particular purpose, and that the decision as
to which type of measurement is most applicable is based upon the pertinent
physical attribute of the object. For example, length is an essential property
associated with a line segment. Thus measurement associates a number with a
line segment; this number is called the length of the segment. The measure of
a segment, a number, cells how many times a "unit" segment can be fitted into
the seement being measured.

In the initial stages, the "unit" chosen is some handy object, for example,
a pencil, an eraser, a piece of string, the span of a hand, or a bucket.
However, pupils should soon be led to see that while the choice of a "unit" is
arbitrary and may be a locally accepted way of measuring, it is necessary for
purposes of accurate communication to choose one or more standard units.



An undersianding of the approximate nature of measurement is essential.
Exact measurements exist as ideals and are obtainable only in discrete situa-
tions in which the'measurement process consists of counting the number of
elements in the set to be measured. When a segment is measured, a scale based
on the unit appropriate to the purpose of measurement is selected. Every
measurement is made to the nearest unit. By using smaller units, more precise
measurement is obtained. Inherent in a measurement process are two types of
errors. One is caused by the instrument employed in the measurement. For

example, have a pupil measure the length of a table top once with a foot long
ruler and once with a yard stick; (or with a ruler scaled in centimeters and
a meter stick.) Expect different results! Another error is introduced by
the person making the measurement. As an instructive exercise ask each member
of the class to measure the width of the classroom to the nearest quarter inch
.using a foot-long ruler. It is most likely that a large number of different
answers will arise and a decision as to the best approximation to the length
will involve statistical procedures.

Approximations in measurements should be related to estimations of numbers
in arithmetic, so both of these underlying notions reinforce each other.
Relevant to estimation, insight into the operations should involve much more
than the obtaining of an answer. Pupils should have experiences in which they
have to make an estimate of a product or sum based upon their knowledge of the
nature and order of numbers. For example, in the problem, 5 x 193, a pupil
should be able to estimate that the product will be less than 1000. He is able
to substantiate this by thinking that 193 is almost 200 and 5 x 200= 1000.

A sense for number should be nurtured so,pat the learner does not make
blind esthmations. For example, to estimate the c2Rventional rule fo
rounding off replaces 69 h 70 and 23 by 20, so that api. is estimated.as
Whereas estimating 1.3 by ,g = = 3 yields a better eilimate. In fact, In
this case it yields the correct answer. In the first estimation, increasing
thedividend has the effect of increasing the quotient and decreasing the
divisor further increases the quotient. On the other hand, in the second
estimation the effects of the estimation are compensatory.

7

-Associated with-these principles in numerical calculations are the problems
of escalating errors in measurement through the use of mensuration formulas.
For,example, suppose that the sides of a rectangle have been measured and found
to be 124 centimeters and 32 centimeters; measured to the nearest centimeter.
What,is the area? What errors are introduced by using the formula A = L x W?
We know only that 123.5 < L< 124.5 and that 31.5 < W< 32.5. (See Figure 1)
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124..5

123.5

Figure I

garma

32.5

Thus 123:5 X 31.5 < A < 124.5 X 32.5. Here the difference in the extremes
is 156 so that use of this foumula may give a measurement which may be in
error by as much as 156 square centimeters. The product 124 x 32 might be
estimated as 100 x 30 = 3000. A better estimate is achieved by compensatory
approximations: 100 x 40 = 4000.

In addition to the common units of measurement the pupil encounters in
his immediate environment, he should become familiar with the metric system.
Metric systems of measurement are commonly used in the natural sciences and are
being generally accepied throughout the world. One of its advantages is the
ease of converting from one metric unit to another metric unit. Moreover,

the relation the decimal system of numeration identifies the metric system
as a "natural" system to use. For example, a length measuring 3 meters, 8
decimeters, 4 centimeters, is expressed in centimeters by the place value

numeral 384. After an introduction to the metric system, both the metric and
English systems should be used interchangeably and frequently so that the
metric system mill become as familiar to children as the English system. In

this respect, the children can become bilingual. We do not recommend a major
emphasis be placed on the conversion between the metric system and the English
system. Rather, approximate relationships between frequently used units might
be established; for example, the concept that a meter is a little longer than
a yard, or that an inch is a little more than two and one-half times as long

as a centimeter. We recommend especially that every pupil have the opportunity
to make actual measurements with actual meter sticks, gram weights, and liter

containers as well as yard sticks, ounce weights, and pint containers.
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-For convenience in computation, and to express the degree of precision
claimed for a measurement and ease in comparing two measurements, scientific
notation is important. It is to be expected then that scientific notation,
including negative exponents, will be studied before the end of the eighth
grade.

AThe same conceptual sequence used in the measurement of line segments can
be followed in the measurement of angles, areas, and volumes. For simple
angles, this starts with developing an intuitive device for comparing the size
of a pair of angles. Thus an angle is "larger than", "smaller than", or "the
samesize as" another angle. Models of the angles may be made of wire so
that they can be superimposed, or one angle may be copied onto another. The
basic test for comparing two angles emerging from this approach is: "When
two angles have a vertex and side in common and the other side of one angle
lies in the interior of the other, the angle whose interior contains the side
of the other angle is the larger." Angles may be measured with arbitrary unit
angles by "filling in" their interiors with these unit angles. Again the
measure is to the nearest unit. Markings on a clock suggest that circles can
be divided into subsets of equal measure and thus used to measure angles.
This leads to the development of angles of standard unit-measure and thus to
the construction and use of a protractor.

For the measurement of area and volume, a start is made by identifying
the interior regions of plane figures and solids and developing intuitive
means of comparing the sizes of these interiors. In the case of area of plane
figures, models can be made of the interiors to be compared and the pupil can
see if one can be fitted inside the other, cutting one of the models into
pieces if necessary. Similar procedures may be used in the case of solids.
Solids may be thought of as containers, and, using the same intuitive'approach,
the volumes of the solids may be compared by finding which model holds more
water or sand. Areas or volumes may be measured with arbitrary units by
finding how many of such units are needed to completely fill the interiors of
the plane figures or solids. In any event, whether one or the other measurement--
such as area or volume--is to be used, again depends upon the.physical property
considered most suitable for the purpose. Graph paper may be used to advantage
in finding the areas of plane figures. Pupils should gain an understanding of
why standard units in the form of squares or cubes are chosen for measuring
area or volume, respectively. The development and use of formulas for the
calculation of areas and volumes is particularly important at this time.

Measurement of other phenomena such as weight, time, and heat can be
studied in a similar fashion. Computation with measures and conversion of
units should evolve from actual situations (as distinct from verbal descriptions
of actual siutations) in order that it be done meaningfully and the results
interpreted reasonably in terms of significant digits. Ample opportunity should
be provided for estimation so that the teacher can determine if the process
has meaning for the pupil.

The development in kindergarten and grades one through eight of the
Measurement Strand should lead to general concepts of measurement such as the
following:
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Meesurement is a comparison of the object being measured
with a "unit" and yields a number to be attached to the
object as the measure of the object. (Measurement may
thus be conceived as resulting in a pairing of objects
with numbers. This pairing is of a type that leads to the
notion of a function. Therefore measurement may be treated
as a special case of a function.)
The choice of a measurement "unit" is arbitrary, but
standard units are agreed upon for accurate communication
and simplified computation.
Measurement is approximate, and the precision of the
measurement depends upon the measurement unit employed.
Any process of measurement has the following basic properties:

If object A is part of object B the measure of A
is less than or equal to the measure of B.

If objects A and B are congruent, then their measures
are equal.

If objects A and B do not overlap, then the measure
of the object consisting of the union of A and B is

the sum of the measures of A and B.

It is important to identify these basic properties as they are used in
developing the mensuration formulas. For example, the development of the
formula.for the area of triangle (as expressed in standard units)

1
A = b h

2

can be indicated by a cutting and matching exercise together with the properties
mentioned above.

First we consider a right triangle as shown in Figure 2.

Figure 2

Construct a rectangle of width h units and length b units. Cut it along

a diagonal. By placing these two triangles together on T we show that all

three triangles are congruent. Thus each has the same area. Moreover, since

two of them exactly cover a rectangle of area b h, it follows that each

triangle has an area which is expressed by b h.
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Ndw in a standard fashion as indicated in Figure 3 we obtain the same
formula for the area of any triangle by ddriiputing the sum (or difference) of
two right triangles.

FigUre 3

(b )

.Let A ABC denote the triangular region determined-by the triangle ABC.
Then-corresponding to Figure (20

A ABC 41 ABD U AI BCD

and corresponding to Figure (2b)

liABC = ABDC - Ai ABD

Another interesting problem is the construction of a ruler. This problem
also serves as an example of a problek Whose solution dOes not depend on a
numerical calculation.

The problem asks each pupil to constttict his own ruler using the following
materials furnished by his teacher: A strip of heavy material such as a blank
wooden straightedge, a strip of file folder, etc., and a sheet of ruled
binder paper. (The blanks should be of different lengths, and the ruled paper
should not be the same length as the blanks.)

Pupils should be given free rein in their approach to this problem, and
the idea of unit lengths should be discussed thoroughly before they start.
Care Should be exercised in the assignment so that a solution will not be
immediately available to some, and so that the frustration of the less mature
pupils will not become overwhelming. Forexample: The statement of this
problem probably is not sufficiently specific so that We could anticipate
almost immediately the question, "How many parts?". If the number assigned
is either a multiple of two or three, many pupils will arrive very soon at a
solution by simple folding of the binder paper. The number twelve will seem
a reasonable answer to the above question, but a tryout on adults will show
that this is too simple. (We might aik ourselves why this number might be a
reply?)
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1011=111

In the preliminary discussion we should help pupils to see that units are
arbitrary, and that each may select his own unit and name it for himself. If
he does this, will he arrive at a "correct" answer to a future problem in
measurement? Here we can stress the fact that the customary units were chosen
and prescribed to facilitate communication.

The solution given below in Figure 4 will probably be the most satisfactory,
and will generally be found fairly soon by at least one pupil.

Blank
Ruler

Binder
Paper

Figure A

Solution: To divide the blank into ten equal parts, count ten spaces on
the binder paper and lay the blank diagonally on the ruled lines so the ends
match ten spaces. Each line will then mark one division.

As a final exercise, give a measurement assignment, for length only,
and have pupils compare results. Who is correct? Have pupils exchange
rulers and compare results. Such an exercise can lead to new insights into
the measuring process. This approach probably will give the pupils a more
sophisticpted understanding of measurement than that of many adults. Further

refinements can be carried out to the extent of their usefulness at a particular
grade level.



Strand 4. Applications of Methematics

Children have a natural curiosity about phenomena found in the physical
wrld. As they work with physical materials they unconsciously pose problems
that need solution or ask questions such as "Why does this work?" Such an

approach to the teaching of mathematical concepts is not only more interesting
to pupils, but provides them with practice in basic skills of arithmetic and
geometry. Practice of this type has a special meaning to each pupil since he
is able to relate it to something that he has been doing.

There is an important point to be made in the application of mathematics.
Mathematics does not deal directly with the raw physical situation. For example,

mathematics does not divide 10 apples by 5 children. Mathematics deals only

w.:.th a refined mathematical model of the situation. Mathematics divides the

number 10 by the number 5. We interpret the answer, 2, as meaning, for
example, that if 10 apples are evenly distributed to 5 children then each child
will have 1 apples. While it is technically incorrect to divide 10 apples by
5 children and obtain 2 apples per child as an answer, this procedure, is one
which follows standard scientific practice in the determination of units such

as "miles per hour". We recommend that the distinction be made a part of the

teacher's manual so that he will appreciate the process. In more complex
situations, especially when the model does not fit the situation so exactly,
the distinction between the model and its origin will be crucial.

In this strand, Applications of Mathematics, we are concerned with prob-
lems which arise in the context of some natural event. Often this will be a

phenomenon arising in the natural sciences, (astronomy, biology, chemistry,
engineering, geology, meteorology, psychology, physics, etc.), in the social

sciences, or in the humanities. We have in mind problems which will be so
meaningful to each pupil that he may have an honest expectation of experiencing
the problem himself. To the child who looks at a tree and says "That's a

tall tree", the question "How tall is that tree?" will have meaning.
Specifically, we exclude from consideration in this Strand all those problems
which build proficiencies in mathematical skills as well as the contrived
(albeit, interesting), word problems. Treatment of these classes of problems

we include in Strand 9, Problem Solving.

The rationale of applied mathematics runs like this: (1) Given a concrete

situation for analysis, a study identifies the features which are significant

to the central problem. This analysis may be informal or transparent; on the

other hand, it may be quite complex. (2) Those features which are amenable .

to mathematical analysis are abstracted and relations between these mathematical
quantities are expressed in a way which characterizes those in the original

concrete situation. Any other features are ignored! (3) The abstract formu-

lation of the problem is then subjected to a mathematical analysis. Hopefully

one can be given! If not, then additional simplifying assumptions and modi-

fications of the model must be made. Strategies for mathematical analysis will

be discussed in Strand 9, Problem Solving. (4) Finally the mathematical

solution is reinterpreted in the light of ehe original problem. Predictions

for future behavior of the situation are made.
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The abstract formulation is called the mathematical model of the problem.
The validity and usefulness of the model is judged by how well it can predict
future behavior in actual practice.

We recommend that the steps outlined above be discussed in the teacher's
manual of the textbook series. However, they should never be presented as a

problem solving plan which must be articulated and detailed in each problem.
In particular, each pupil and teacher should feel free, and should be required
often, to rephrase the initial problem, reselect the properties to be modeled,
reconstruct the model, and redo the analysis. We should never permit formal-
istic procedures to block intuition or flashes of genius. Intuition should

be strengthened at every opportunity by encouraging informed guessing and
estimation. On the other hand, we caution that pupils are often confused and
'inhibited by a failure to make explicit some of the steps we have outlined
here. Those who can easily do the mathematical analysis may be totally unpre-
pared to construct the correct mathematical mod:l.

So far we have stressed the strategy of model building as leading from
physical problems to more abstract mathematical models and their analyses.
The reverse process is pedagogically important: Given a mathematical problem,
construct a physical realization of the problem. Such a physical model of a
mathematical problem is a significant aid to understanding mathematics. Indeed,

in the first growth stage of mathematical application a mathematical concept
is developed through varied experiences with specific objects and situations
that are interesting to pupils. As the pupil uses a concept in a variety of
different concrete situations, its abstract nature gradually evolves. Growth
in ability to make generalizations is very important and should not be
neglected. Generalizations should not be formalized prematurely.

The nature of the application of mathematics will vary greatly from
kindergarten through grade eight. We recommend that at each level applications
include not only those in which the model is arithmetical but also geometrical.
We recommend that applications be selected which use mathematical principles
already developed and others which motivate new principles. As often as
possible applications should be based on physical situations (which the learner
may experience himself) rather than on conversation about hypothetical
siutations.

As the age and maturity level of the pupils increase, the sophistication
of the problems approached will be limited only by the opportunities pupils
have'to participate in situations which have real problems that need solution.
The approach to a specific problem should evolve from a self-determined pattern,
as derived by the pupils from their previous mathematical experiences.

Here are four examples of the modeling process; each is a child-sized
version of a practical problem.

Example 1. School is four blocks from Paul's home; one block
'north and three blocks east. How many different routes may Paul
choose to walk to school? We first make a map of the local area.
(This in itself is a modeling process. The map in Figure 1 does
not consider the fact that a sidewalk exists on both sides of



each street. Thus it ignores the complication of distinguishing
between two routes which use the same streets, but use different
sidewalks!) We introduce

LJ
........) ............3

H

Figure 1

the simplifying assumption that Paul will not "go out of his way"

nor will he take a shortcut. Mathematically we can interpret this
to mean that the length of his route shall always be four blocks

long and always follow streets. Now the analysis may be done from

the map. The figure above uses arrows to show the alternatives at

each corner. The analysis can be completed by counting the

possibilities.

We should point out that this counting argument which consists of
first systematizing and then counting all possibilities is an
extremely useful type of application. For the K-8 pupil, it will
provide important readiness for later work in probability.

Exsmple 2. Carpeting is to be laid to cover the classroom floor.
How much carpeting should be ordered? We shall need to know
something about the shape aad area of the room. We also have to

know something of how carpeting can be purchased, i.e., by the
square foot, square yard, or by the linear foot from a roll. We

may also need to know how the pattern, if any, will affect the

way in which the.material can be cut. These considerations we

discard. We work with a simplified problem of determining the
area of the room. To determine the area we again make a further

simplification: the floor is rectangular in shape. This may

ignore special features of the room such as an entry way or a

closet. Of course the room will not be a rectangle; it probably

will not even have the exact measurements of a true rectangular
shape. But we construct a geometrical model by representing the
floor as a rectangular region. Upon actual measurement some other
quadrilateral might appear as a better mathematical model, but we
measure and assign lengths to the sides of the rectangle. Now we

make the mathematical analysis (see the Measurement Strand) which

computes the area. Finally this number must be interpreted as how

much carpeting should be ordered. Whether or not the order is

placed on the basis of this analysis depends on how exact the model

is believed to be.
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`Example 3: An electric train runs around an oval track. What

'is its speed? Our first restriction is to discuss only the

'notion of speed as "average speed". Our assumptions require
that the train has been running and so a "steady state" has

1:1een reached. We ignore changes in speed as the train rounds

the curved ends. We assume that we can accurately determine
qbe time of one circuit of the train around the track. We

*assume that the track is an oval. Thus we construct a geometric

!model of the track:
ft

3

A 6r
Figure 2

In Figure 2, line segments AB and CD are parallel, arcs CA and

BD are semicircles. We make measurements. The first part 'of

the analysis determines the circumference of the oval and
interprets this number as the length of the track. Now with
Stopwatch in hand we time one complete run of the actual train
around the actual track. (Or we might let the train run for
several 100, time the total elapsed time of the run, and then
eompdte An average time for one lap. We should then discuss bow
the experimenter reduees the-measurement errors inherent in the
Assumption in Order that we can determine the time of one circuit
of the tradk.) 'Our analysis uses the fact that distance-(d)
traveled at A tonstatt rate (r) of speed in (t) seconds is the product

of x t (be :units representing r, mmltiplied by the number *of

units tepresenting t). The distance traveled in time (t) vanbe
expresssed :as AmAthematical function: gt) = r.t. It is important
to point :Opt that a graph of this function yields a straight line.

AxAmp1e4 Mow fast do bacteria grow? We have At our disposal
ifotheletri diShes And some source mate:Aal from growing various

battetia. (iere we envisage 'borrowing the scienteibackground

from the science curriculum.) 'We Attempt to determine the amount

of growth At twenty-fout hour intervals. (rhis is in itself-a
iodeiing txercise since he :growth will have to be tstimated from
An 'estimate of 6he area of the region.of the Petri dish covered
by the stowth4) These data Are tecorded on a graph as in Figure 3.
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.

i 2. 3 q s
Da.ys

Figure 3

We ask: How can the growth of these bacteria be described? Is
there a mathematical relationship which will help us to predict
future growth? We ignore conditions such as the effect of
imperfectly controlled heat and light, the amount of bacteria
already present in the host material. We also assume that the
growth is continuous and we draw a smooth curve between the
plotted points (Figure 4).

Figure 4

Now the mathematical analysis is of this graph; we seek a function
which describes this growth. We might find that the amount of
bacteria doubled each day and thus express the functional relation
by

Area after N days = k.2N
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where k is the amount initially present, or half the amount
present after one day. In functional notation: A(N) = k.2N.

Further experimentation could be used to confirm the general
correctness of this relation. On the other ham: it might show
that

A(N) = lc-3N

better describes the function.

The mathematical model for growth of bacteria then is a
functional relationship which describes the amount of bacteria
after a fixed time. If the model has validity we could predict,
after determining the constant (k) by observing the growth
during one period, what growth should be expected at any time
during the growth cycle of the bacteria. It is important that
from this experiment and analysis the pupil learns that gpwth
is an exponential function of time, here denoted by the letter
t. A functional relationship of the type

A(t) = k-bt

where b and k must bc determined represents almost all
growth processes. It is, of course, only a mathematical model
since many of the factors controlling growth have been neglected.
Basically it lies behind our population explosion. The "explosion"
part exists because the function is of the type

A(t) = Icbt

and is not of the type

A(t) = + k.



Strand 5. Statistics and Probabilitx

We live in a world of statistics. Advertising agencies bombard us with
information indicating the superiority of their products and quote their
findings. Governmental departments report findings to substantiate the need
for expenditures. Medical research comes to us as a report of data that have
been gathered in the furtherance of a better cure for a disease. Statistical
data points to smoking as a possible factor causing lung cancer because there
exists a high correlation between heavy cigarette smoking and the incidence
of lung cancer. Newspapers and magazines contain graphs, tables, and charts
and their stories reflect an interpretation of the data. The effective citizen
of today and tomorrow needs to understand and interpret the statements and
data with which he is confronted; he will have to make decisions based on
analysis of such data. The permeating influence of statistics and its theo-
retical sister, probablity, compels students to understand enough about these
aspects of mathematics in order that they intelligently assess information
having undertones of either one or the other.

The ability to interpret data can come only when one has had many experi-
ences in collecting data, learning how to organize the data so that conclusions
can be made, and in interpreting data. Therefore, experiences in collecting,
organizing, and interpreting data should be included in an elementary school
mathematics program.

The collecting of data should be the outgrowth of experiences involving
observations. The elementary classroom abounds with sources of data. The
children, themselves, provide data regarding their names, their heights, their
preferences, the books they read, their birthdates, or their summer vacation
travels. Science experiences provide opportunities for two types of data--
quantitative and observational. Quantitative data are those in which something
can be measured or assigned a numerical quantity to denote change or growth.
Observational data are of a descriptive nature and denote more of a general
physical change; for example, the stages of development of a butterfly.

Data collecting.should involve the pupil. As a pupil becomes involved in
the collection of data, he becomes interested. He learns to be more observant
as well as analytical. He becomes discriminating and examines discrepancies
in the data he collects. His "mathematical eye" is often opened for the first
time. He is also engaged in the problem solving process. Data collecting
begins with the recognition of the sources of data once a purpose for collecting
data has been established. Instruction should begin with data that have some
direct relation to the pupil or that have been collected by the pupil. Often
data found in textbooks have little meaning to the pupil. For example, it is
of greater value to the pupil to collect the daily temperature readings for a
period of time at school or home than it is for him to turn to a report in a
book where similar data are available. The information he will be using
is the result of something in which he, himself, has been involved. Once he
has sufficient direct experience with collecting data, then data from textbooks
can take on more meaning.
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Organizing data is an art. It is something that one must learn. In order
to read the intormation in a table, graph, or chart, it must be organized in
such a way that it complements the purpose for which the data were originally
gathered. Pupils need to learn how to organize data to tell a specific story.
Part of the instruction in the elementary school mathematics program should
be spent on learning the fundamental procedures for making tables, graphs, and
charts as well as the many different types of each of these. Pupils should
become familiar with the type of graph, chart, or table that can best be used
with each of the different kinds of data that is collected.

Collecting and orn'anizing data helps the pupil in understanding what a
chart, table, or graph represents, but the greatest task comes when the pupil
must read that graph, table, or chart and decide what story it really tells.
This is central to what might be considered simple statistical inference.

There are many activities which may interest children in grades four,
five, and six. For example, make a table of the heights and weights of the
class members, or how far each can kick a ball. When the data are broken into
hoy-girl classifications some interesting conclusions appear. Compare the
data (tor height and weight) with the data for the whole school. A variation
of this problem is to plot a point (height, weight) for each pupil in your class.
What conclusions can be drawn?

Another excellent example is the average monthly temperatures in your
city. Suppose the average monthly temperatures of a city, say San Francisco,
were plotted in a graph with the months identified along the horizontal axis
and the temperatures along the vertical. This graph has its lowest point
around January, rises to a peak around August or September, then declines as
it approaches December. Obviously, discussions can lead to the characteristic
behavior for the winter and summer. Next, the same kinds of infotmation may
be presented with more than one city graphed on the same set of axes. A good
choice of locations--say, San Francisco and San Diego--may reveal that while
the general tendency (low in winter, high in summer, intermediate spring and
fall) may be observed, a more striking observation may be made by comparing
the data: one curve is more peaked and the other more shallow. The lesson
miy be extended by reviewing other data and observing that the range between
maximum and minimum points is less for stations closer to the equutor (local
ifregularities minimized), and statistics for some other stations in the
equatorial regions may be produced to verify such a conjecture. To develop
further the winter-summer theme, temperature graphs for stations in the Southern
Hemisphere (say Sidney, Australia) may be studied.

Interpreting data involves a very critical and analytical study of the
data. Pupils should be aware of such factors as sampling, the purpose of
data collecting, the scale used in the construction of a graph, as well as
such indications of central tendency as mean, median, mode, variance and
standard deviation. Learning experiences should provide the pupils with oppor-
tunities for making predictions and for drawing conclusions from the data
given. Pupils should learn to challenge the source of the data and the manner
in which they are pictured.
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We illustrate these concepts with four sets of data which presumably

represents noontime temperatures on ten successive days in each of four Cali-

fornia cities. (Preferably this data would have been read from a classroom

thermometer.) For ease in studying the data we have listed the data in

decreasing order. This is not important, but it helps serve in lieu of a

graph and it will enable us to appreciate more easily what is happening.

LA SD SF SB

100 80 72 75

80 80 72 74

80 80 71 73

80 80 71 72

60 80 71 71

60 60 69 69

60 60 69 68

60 60 69 67

60 60 68 66

60 60 68 65

Totals 700 700 700 700

Ave.

or 70 70 70 70

Mean

Mode 60 6C.i or 80 69 or 71 Any number

Median 60 70 70 70

The median and the mode serve principally as quick approximations to the

mean since little numerical calculation is required. In comparison with the

mean they give us a little indication, as in the case of LA that more of the

observations were below average than above.

These examples show that the average tells us little about the overall

distribution. For example, many people might prefer the temperature dLstri-

bution in San Francisco since it has very little variation and no extremes.

The next statistic, the variance, or its scuare root, the standard

deviation, gives us an indication of the amount of spread in the data around

the average. As we shall see, a great deal of spread, as shown for Los

Angeles, will have a high variance while, only a small spread, as of San

Francisco, will have a small variance.

To compute the variance, for each observation subtract the mean from the

observation, square this number and add for all observations. Finally divide

by the number of observations.
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LA

Observation Obs. - Mean (Obs. - Mean)2

100 30 900

80 10 100

80 10 100

80 10 100

60 - 10 100

60 - 10 100

60 - /0 100

60 - 10 100

60 - 10 100

60 - 10 100

Average 70 Total 1800

Variance 180

Standard Deviation = 1Variance = 13.4

SF

Observation Obs. - Mean (Obs. - Mean)2

72 2 4

72 2 4

71 1 1

71 1 1

71 1 1

69 - 1 1

69 - 1 1

69 - 1 1

68 - 2 4

68 - 2 4

Average 70 Total 22

Variance 2.2

Standard Deviation = 1Variance = 1.48
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Knowledge of the variance or the standard deviation indicates how much
confidence we can place on the average. For example, in planning a trip to

Los Angeles, or San Francisco should you take warm or light clothing? The

average temperature for aoth cities is 700. At San Francisco the variance is

2.2; with some confidence we can count on the temperature when we arrive to be
close to 700. But at Los Angeles the variance is 180; we cannot count on the

temperature being close to 7001.

Experiences in collecting, organizing, and interpreting data can begin in
the kindergarten and should be a part of the instructional program at each
succeeding level through the eighth grade. Both simple data collection and
organizing of data weave into the strand on functions; the first, by one-to-one
correspondence between an element in a sequence and its statistic and the
second, by the display of a table or of a graph. In the curriculum for grades
4-8, a more advanced step may be taken via interpretation of data. The intro-

duction and use of formal statistical terms such as mean, frequency, median,
mode, variance can begin informally for some pupils at the fifth or sixth
grade level, and certainly should be studied by the end of the eighth grade.

Experimentation is a natural way to produce sets of statistics. For

example, plotting the length of a suspended spring against the weight applied
to the spring will show a straight line up to a certain limit (the limit is

reached when the spring has been permanently deformed). Plotting growth of

beans can give height as a function of the number of days from germination.
Still another example may be used to illustrate the inverse of the squaring

function: namely, obtaining a constant multiple of the square root via
experiments with simple pendulums of various lengths:

where T is the periodathe length,
T and g a constant due to gravity.

Clearly, empirical data are not likely to yield a smooth curve precisely.

Thus deviations or anomalies from uniformity hint at the need for curve-

fitting procedures. The intuitive level of curve-fitting considered appropriate

at this time needs not go beyond drawing the best curve that fits most of

the plotted points.

The central role played by normal distributions in statistical problems

should be explained at appr3priate times. Many examples which have distri-

butions of this type should be studied. Measurements of physical quantities

constitute an important class of examples. These examples should display the

important role played by the standard deviation in normally distributed popu-

lations since 95% of the population fall within the interval bounded by two

standard deviations from either side of the mean.

Iu statistics, a sample is produced and the principal task is to study the

composition of the sample in order to arrive at an estimation of the composition

of the original population from which the sample has been drawn. For example,

a sample of 59 cars is taken from the assembly line producing 10,000 cars,

and 3 of these 59 are found to have defective brakes. Haw many cars of the

10,000 produced in this assembly line are likely to have defective brakes?
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Clearly, a model for this kind of problem is the following: 25 marbles are

drawn from a large jar of 1500 red and white marbles. Of the 25 marbles drawn,

20 are red and 5 are white. What is likely to be the original composition of

marbles in the jar?

Probability theory reverses this process in the sense that the probable

composition of the sample is deduced from the known composition of the original

population. For example, if it is known that 1% of all people in the United

States are left-handed, how many people in a United States city with a popu-

lation of 800,000 are left-handed? Or, it may be known that 80% of the crop

in a field produces fertile seeds. From a packet of 20 seeds collected from

this field, how many can be expected to germinate? Corresponding to these are

models such as the following: In a container are 100 marbles, 80 of which are

red and 20 of which are green. If a sample of 5 marbles is drawn from this

container without looking (and at random), haw many of these are expected to

be red: If the original composition is 80 red and 20 green, then the probaf,ility

for one marble drawn at random to be red would be 80 4or
80 + 20 7r

The theoretical foundations for the reliability of statistical data for

making predictions rests in the theory of probability. We do not plan to

develop that theory in the elementary grades: However, some experience with

the laws of chance is invaluable and necessary. One reason is that the mathe-

matical models of many scientific and economic problems lie within probability

theory. We recommend that the beginnings of this subject be developed in

grades K-8.

Probability experiences in the elementary school can be provided by drawing

marbles out of containers or by spinning spinners. Many children's games come

supplied with spinners (spinning pointer to determine the number of moves a

player might make, etc.). These can be adapted for classroom experiments in

-probability by varying the areas of the

sectors. For example, in the one shown

at the right, .4 of the region is red (R),

1 of it is yellow (Y), and the remainder

is blue (B). What is the probability of
the spinner pointing to blue on a spin?

Other experiments that can be performed in probability at the elementary

school level include flipping of coins for heads-tails, and tossing of a die,

varying the outcomes perhaps by coloring the faces of the die. For example,

a die with 4 faces painted red, 1 face yellow, and 1 face blue, is likely to

produce different results in tallying color of faces than one with 1 red, 2

yellow and 3 blue faces.

In the seventh and eight grades, these experiments can be increased in

complexity. Some suggestions for such modifications leading to significant

results are offered below:

(i) by considering series of repeated trials of the same

experiment;
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(ii) by combining outcomes of different experiments, for example,
the result of a spinner tagether with the result of a
tossed coin, or the result of Spinner A with the result
of Spinner B, etc.;

(iii) in the case of drawing marbles from a container, by
considering the effect of not replacing the drawn
marble as against replacing the marble before the
next draw.

Results of repeated tosses of a coin may be tallied. In a pair of tosses
of a coin, the results may be

hh: heads on the 1st toas followed by heads on 2nd toss;
ht: heads on the 1st toss followed by tails on 2nd toss;
th: tails on the 1st toss followed by heads on 2nd toss;
tt: tails on the 1st toss followed by tails on 2nd toss.

Each pair of tosses may then be tallied under one of these four possible out-
comes: hh, ht, th, tt. When the Hardy-Weinberg principles and the Mendelian
law are discussed in the science class, results of the coin-tossing can be
compared with the theoretical results in genetics.

Repeated tosses of a coin may be further extended by taking each triplet
of tosses as U single outcome. The possible outcomes may then he given by:
hhh, hht, hth, htt, thh, tht, tth, ttt, where, as before, thh would mean tails
in the 1st toss, followed by heads in the 2nd toss, followed by heads in the
3rd toss.

All the ramifications in statistical inferences need not be formally
treated until high school, but as in the case of coin-tossing experiments, an
intuitive feeling for statistical inference may be acquired through a wealth
of experiences in probability, leading to insight into che underctanding, for
example, of actuarial events.

With a carefully desiplcd curriculum, it is possible and desirable to
introduce aspects of probability theory to include dependent and independent
trials, and aspects of statistics to include simple statistical inferences.
Concepts of probability and statistics form an important foundation to the
natural and physical sciences and to the social sciences and business as well.
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Strand 6. Sets

The concept of a set is fundamental for communicating ideas in mathematics,
just as it is in our everyday life. We speak of teams, committees, classes,
groups, congregations, armies, flocks, herds, and so on. It is important that
the concept of a set be introduced and used throughout the mathematics curriculum.
It is particularly important that once the concept of set is introduced it be
used effectively in subsequent mathematical development. Indeed, if no such
use can be made, then the concept should not have been introduced. Like the
playwright Chekhov, we believe that a cannon should not be brought on stage
unless it is to be fired.

Throughout the K-8 curriculum we envision set concepts playing a major
linguistic role. The language of sets should be used as needed to aid mathe-
matical communication; to gain clarity, precision and conciseness. The symbols
of set operations may be introduced to aid in this task by avoiding longer,
more complicated, verbal equivalents. However, at no time do we suggest that
set theory be developed as an end in itself. Thus we do not visualize
including in the curriculum a treatment of Boolean Algebra or axiomatic abstract
set theory.

The development of this Strand benefits as materially as do other Strands
from a spiralling escalation of material wherein old concepts are rediscovered
along with newer ones. For Kindergarten and the first grade it is probably
sufficient to introduce the notion of a set as a collection of things; allow
the pupils to identify natural examples of sets and to form new sets from old
by joining (set union) and intersecting. Sets of objects can be indicated by
many devices such as placing cutouts on a flannel board or drawing pictures of
the members of the set. If several sets are to be pictured together, then they
can be separated by surrounding each set with a circle-like curve. At this
introductory level, the teacher will use simple terms correctly, encourage their
use by her pupils, but not require a mastery of this vocabulary from the students.

Later, in the intermediate grade, the problem of how to denote sets will
need a more sophisticated device than a picture. We recommend the convention-
of listing the elements of a set, the members of the set, between braces.
Thus, the set of the first 4 positive odd integers is denoted (1, 3, 5, 7).
It is important to point out that the order of the listing, or the number of
times an element appears in the list does not affect the set. Thus,
(1, 3, 5, 7) = (7, 1, 5, 3) = (3, 5, 7, 5, 1, 3). At the same time, examples
should be presented of large sets where it is inconvenient or imclossible to
list all the elements. For example, the set of all positive odd integers less
than lfra-§ or the set of all positive odd integers.

Arithmetic, measurement, and geometry at all grade levels require extensive
use of the basic concept of one-to-one correspondence, commonly called matching.
This concept relies implicitly, if not explicitly, on a preconceived notion of
set to describe what is being matched. The abstract nature of the number four
can be learned by considering many different sets and by noting that the
elements of some sets can be matched in a one-to-one correspondence with the
elements of a particular set, ( C),2N 2,0 247), to which we assign the number
four.
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In presenting arithmetic and geometry at an intermediate-or advanced

level, the teacher should use set operations and correct symbolism: set

union (U), set intersection (n), and set difference (-). We shall give

ipme examples of their use. In the first Mope suggest an elementary

equivalent.

in addition (set union)

2 + 3 is 5

(x,y) U (a,b,c) = (x,y,a,b,c) or

in subtraction (set difference)

5 401 3 2

(a,b,c,x,y) (a,x,y) = (b,c) or

in solVing equations (solution set)

(a) Solve for I:3: 0+ 5 = 7. The solution set is (2).

(b) Solve for x: 2x + 1 21. The solution set is (10).

in solving inequalities (solution set)

(a) What whole numbers satisfy 4 <0 < 8?

The solution set is (5,6,7,8)

(b) What real numbers satisfy 2x2 + 5 < 7?

The solution set is (x: lxl < 1)

in addition and subtraction of fractions

(a)

1 1_
18 30

Solution using least common multiple

The set of multiples of 18

= A = (18, 36, 54, 72, 90, 108, 126, 144, 162, 180,

The set of multiples of 30

= B = (30, 60, 90, 120, 150, 180, ...)

The set of common multiples of 18 and 30
= A n B ( 90, 180, ...)
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The least common multiple of 18 and 30 is 90.

Hence 1
J.

3 85 J.
18 30 90 90 90

(b) Solution using greatest common divisor

The set of divisors of 18 = C = (1,2,3,6,9,18)

The set of divisors of 30 = D = (1,2,3,5,6,10,15,30)

The set of common divisors of 18 and 30 = C n D = (1,2,3,6)

The greatest common divisor of 18 and 30 is 6

Hence 14. ( +
1 8 8

) 4 15 9018 30 6

in geometry (set intersection)

Two different straight lines intersect in at most one point.

Figure 1

in geometry (one-to-one correspondence)

Two line segments have the same number of points. (See Figure 2)

Froof. Let line segments AD and BC intersect at 0. The point P on
AB corresponds to the point Q of CD which is the intersection
of the line determined by the two points P and 0 and CD.

Figure 2
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The concept of a subset of a set is equally natural. The set A is said
to be a subset of the set B if and only.if every element of A is an element
of B. For example, "The set of even integers is a subset of the set of all
integers", "A line segment is a subset of a line", or "The solution set of
-1 < x - 1 < 0 is a subset of the solution set of 0 < x2 < 1." The notation
A < B may be used to denote that A is a subset of B.

For multiilication and the number plane the notion of an ordered pair of
elements is important. For example, haw is multiplication involved in answering
the problem

"If I have 3 shirts and 4 pairs of slacks how many different
combinations can I wear?"

We need to count the number of sets (shirts, slacks). This set is really
ordered by the nature of the garment: shirt first, slacks second. The choice
of which is first and which is second is not important, but it is important
not to confuse which is which!

In mathematics, we do pay attention to the order.
sequence consisting of two terms listed in order. Thus
is different from the ordered pair (2,1). Indeed these
plotted as distinct points (see Figure 3) on the number
has a first element, a, and
a second element, b. Thus,
the ordered pair (a,b) is
distinct from the ordered
pair (b,a), unless a = b.
Ordered pairs are the means
by which a function is
carefully defined.

(1,2)

An ordered pair is a
the ordered pair (1,2)
two ordered pairs are
plane. An ordered pair

(2,1)

. Figure 3

By grades 7 and 8 pupils may be expected to use correctly the elementary
terms for set concepts. At this level a learner will probably need a better
way of expressing sets. A way which has proved to be extremely useful is the
set builder notation.. For example, the solution set of 2x+ 3 < (2+5x) - 8
was the set of all numbers greater than 3. In the set builder notation we
would write this as

(x: 2x: + 3 < (2f5x) - 8) = (x: x > 3)

and we would read the latter as we have just indicated:

"(x: x > 3) is the set of all numbers x such that x is
greater than 3".
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Using_this scheme we can write the set of all positive odd integers less
than 'V1049 in various ways, such as

(1) (x: 0 < x < "11-04; and x is an odd integer).
(2) (x: 0 < x, x2 < 1049, and x is an odd integer).
(3) (x: x ic 2y + 1 for some inte:_ei. y and 0 < x <

(4) (2y + 1 : 0 < y, (2y4-1) < 1/1049, and y is an integer).

In general we enclose in braces ( , ), -.4 symbol for a typical element of
the set (a "John Doe") followed by a colon which stands for "such that",
followed by a list of conditions which the element must satisfy. In this vein
we could express the set of possible candidates for President of the United
States in 1968 as (x: x is a native born citizen of U.S.A. and x is at least
35 years old).

In (4) above we gave, instead of x, an expression (25014) for an element
in the set and then described the condition on the symbol y appearing in
the expression. As a final examille we define the set of Pythagorean triples:
((a,b,c) 0 < a < b < c, a2 + b' = c2 , a,b,c integers).

In the final developmental stage of the language of sets in Kindergarten
and grades one through eight, we expect the pupil to use these set concepts,
terms, and notations, correctly and with reasonable preciSion. These will play
an important role as he studies inequalities, solution sets, informal geometry,
functions, probability and statistics, and the applications of mathematics.



Strand 7. Functions and Graphs

Most of the mathematics is concerned with relations. The young child
learns at an early age to relate certain objects or sounds with other objects.
For example, he relates a child with the child's parent. Intuitively, we
may think of these associations as recognition of certain ordered pairs of
objects. Thus the child learns pairs of the form (name, object) in discovering
language. Sets of related pairs of objects are studied throughout the elementary
mathematics program. They are often described by graphs and tables, and we
describe the coordinate plane of geometry in these terms. These notions lead
directly to the concept of function which perme..tes all of mathematics and
science. This concept should be developed, /tamed, and used in the elementary
school program.

The process of relating certain pairs occurs early in the mathematics
program. In the beginnings of arithmetic, the pupil learns to associate each
set of objects with a number and to count by pointing to the objects in sequence
and pairing them with the set of ordered number words. He learns that counting
is a way of determining what number is to be associated with a certain collec-
tion of objects; thus, counting determines certain related pairs (set, number).
He also becomes aware that different sets of objects may be paired with the
same number but that a finite set of objects is paired with one and only one
number.

Another early example is furnished by the relationship of "greater than".
We may relate a member to the numbers which are greater, and think of the
ordered pairs of the form (member, greater number). This is an example of a
relation in which a single number is related to many other numbers.

A pictorial description of relations between certain pairs of objects
occurs early in the mathematics program. Plotting and graphing are the ways
we make pictures of relations. Plotting may be initiated with games, such as
the tic-tac-toe game. A class may graph the height of a plant on successive
days of a month, or the temperature may be recorded for each day. The experi-
ence of such graphing reinforces the coacept of the number line,--both vertical
and horizontal, presents a picture for linear relationships and provides an
excellent way of grasping relationships intuitively. The method is also
invaluable in application of mathematics. A class may record the length of
a spring (rubber band) as weights of successive sizes are suspended, or, at
a more advanced stage, the period of a simple pendulum as the length of the
string is varied. In the teaching of measurement a class may record the number
of ounces (or any standard unit) of water required to fill cylindrical jars
of various diameters to a fixed depth. Or in the study of geometry, a class
may plot circumference as related to diameter for different circles.

There is also learning of the reciprocal sort. We describe a relation
between numbers by plotting related pairs on the plane; we also describe the
plane in terms of all ordered pairs of numbers. This connection (point in
the plane with ordered pair of numbers) is basic to the mathematics which
connects geometry and algebra. It is also basic to the understanding of maps

- 49



and, more generally, scale drawings. The elementary program should include

the study of the coordinate plane.

There is one sort of relation which is of partic,ilar importance to science

and mathematics. This relation is such that for each member of a class of

objects there is just one object to which it is related. For example, for each

child there corresponds just one natural mother. Sucil a relationship is

called a functional relationship, or just a function. Thus the related pairs

that form a functional relationship have the property that there is, at most,

one related pair with a given first member. It should be emphasized that order

is most important. As indicated above, the relationship in which each child

corresponds to his mother is a function, thus the set of ordered pairs of the

form (child, mother) is a function. However, the relationship in which each

mother corresponds to each of her children is not, thus the set of ordered

pairs of the form (mother, child) is not a function since a single mother may

have several children.

There is another conceptual description of function with which the students

should become familiar. Since a function relates one object to a unique second

object, we may think of it as a sort of machine, as in Figure 1:

object

function

related object

Figure 1

Figure 2 shows how this picture might be used with the squaring function in

which every number corresponds to its square.

Number

3

r-

squaring

function \\Iquare

of number.
9

Figure 2
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Figure 3 illustrates the counting function.

""---) number of members

NNNjn the set

3

Figure 3

Functional notation should be introduced, and be used systemattcally by
the end of the eighth grade. Several different notational schemes may be
suggested. It is important to use different notational schemes upon occasion
since different notatioas are suggestive of different aspects of the function
concepts. We illustrate here some of the notations possible for the squartng function.,

S (2) = 4, S (3) = 9, S (4) = 16

or

S: 244,
3-P9
4416

or as a table,

5(4)

2 4

3 9

4 16

The description, or formula: S(n) = n2, for each number n, is also useful and
appropriate.

The function concept includes mathematical operations. Pupils have encoun .
tered binary operations in learning the number facts although the teminology
of binary ope=ation is probably new to them. The basic multiplication facts,
for example, describe this binary operation on the set of whole numbers. The
operation is binary because only two whole numbers are involved. Thus a binary
operation on numbers, such as addition or multiplication, is a special way of
relating two numbers with one number. The function may be presented in a
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table, such as the familiar addition or multiplication table. In multiplication,
the number pair (3,4) is paired with the number 12; the number pairs (4,3),
(2,6), (6,2) (12,1), and (1,12) are also paired with the number 12 in the

multiplication operation. This indicates that in a binary operation many
different number pairs may be paired with the same single number but that a
given number pair is associated with only one number.

It is important that pupils have the previously outlined experiences
before they have completed the eighth grade. Intuitive experiences will pave
the way toward conceiving a function as a set of ordered pairs in which no

two pairs have the same first element. The pupil should realize that functions
can be presented or described by statements, formulas or equations, tabulated
data, and graphs. The pupil is then on his way toward mastering an important
concept which is the key to understanding many mathematical ideas that have
far-reaching applications. The mathematics program should make the student
familiar with the notations for a function listed above and the student should
be able to plot linear and quadratic functions and functions such as the
greatest integer functions.



Strand 8. Logical Thinking

In many walks of life, we are concerned with the organization of thoughts
so that we can work out other problems or bring meaning to the ones we are
working on. We make decisions based upon conditional statements. New endeavors
are often determined by conjecturing what would happen "if" we did it another
way or changed the rul_s by which we work. The beginnings of such logical
thought or reasoning ability have their roots in the elementary school program.
This is especially true in the elementary school mathematics program where the
emphasis is on organizing ideas to clarify the meaning of what is learned and
to help pupils learn to think for themselves. Logical thinking at the elemen-
tary school level does not imply formal proofs or a study of logic per se.
Logical thinking and deductive reasoning at the elementary level is a matter
of well-organized common sense. Common sense can be sharpened by the use of
standard logical techniques such as Venn diagrams and truth tables. Children
should be able to decide whether a particular mathematical construct fits a
definition and to recognize a specific instance of a general principle. The
following examples will serve as a means of illustrating the types of logical
thinking that can be started in the elementary school.

I. The Venn diagram in Figure 1 shows that all positive odd
numbers are whole numbers and that there exists a (at least
one) whole number which is not odd.

whole numbers

positive
odd numbers

Figure 1

An important aspect of this example is the study of the
quantifiers "all" and "there exists".

2. Geometric models for numbers can be used to make general-
izations and inferences about odd and even numbers.

Figure 2
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The even numbers are represented by rectangles and the
odd numbers, greater than 1, are represented by rectangles
with a square tacked on. By fitting the pieces together,
pupils may discover and conclude that (a) the sum of two
odd numbers is an even number, (b) the sum of an odd number
and an even number is an odd number, (c) the sum of two
even numbers is an even number. Later on, pupils see that
2n and 2n+ I are ways of designating odd and even numbers.
In this example, the model is used to justify the statements
(conclusions or generalizations) that are made. A variation
of this technique can be used to study how odd and even
numbers behave under multiplication.

3. A and B are two points on a number line. B represents
a number greater than A. Point H is located between
points A and B and is closer to point B than it is
to, point A. What statements can you make about the
numbers represented by points A, B, and H ?

4. Suppose that the following facts are tolid us about three
numbers:

i) Each number is a positive integer.
ii) The sum of the three numbers is an odd number

less than 12.
iii) One number is three times another.
iv) The product of any two of them is an odd number.

Which of the following statements are consistent with
the given information? Of these, which are consistent
with the first statement? Of the consistent ones which,
together with the preceding ones, determine the numbers
uniquely?.

1) The numbers are all equal.
2) Two of the numbers are odd. The other is even.
3) The sum of two of the numbers is one less than

the third number.
4) The numbers are all different.

5. Suppoce there are 33 members in a class, and that each
pupil either rides a bicycle to school or brings his
lunch or both. If 21 ride bicycles and 15 bring their
lunch how many do both? (The Venn diagram of Figure 2
helps the analysis.)

Bring Lunches
1:1de Bikes 15

21

33 in all

Figure 3



At the elementary school level, the study of logical thinking followsthe meanidgful buildupof principles and generalizations. In most instances,these generalizations are the outgrowth of the critical analysis of manyrelated problems in which a common element or happening occurs. These general-izations or definitions became the starting point for the study of logicalthinking in mathematics. At the elementary level, our use of many of these
mathematical terms are of a non-technical nature. For instance, the term
less than can be introduced by showing that two is less than five through anattempt to establish a one-to-one correspondence between the objects in aset of two objects and the objects in a set of five objects. Next, the less
than symbol, ( < ) can be introduced and described in operational terms. Forexample, 2 < 5 means that two is named in the counting sequence before five.A start toward a mathematical definition is made when it is understood that2 < 5 means that there is a counting number that can be added to two to get
fl-ye. The formal definition can wait until more precise algebraic terminologyis available.

The use of variables is another example of the non-technical use of a
symbol in mathematics. In the elementary school mathematics program, the
symbols 0 , 0 n, x, ?, C), etc., are used in a mathematical sentence
to indicate that something is unspecified in that sentence. There is something
that me want to find out from the information that has been given us. Whenwe do find it out, we may write it in place of the variable or symbol.
The missing element may be a numeral or an operational sign. In most instances
it is viewed as standing for some undetermined number. Later on it takes on
the meaning of representing any of several numbers that can be used in the
given sentence. In elementary mathematics, a variable is just a symbol which
appears in a mathematical sentence to stand for a mathematical object (element,
number, point, line, function, depending on the context) as yet unspecified
or to be determined. Such a symbol is just a generic name, like "Mr. John Q.Public", for a typical member of the set under consideration. The mathematical
sentence of which a variable is a part places conditions or gives properties
which may, of course, determine it uniquely or show how all members of the
set behave under these conditions. (We recommend that no definition for the
term "variable" be attempted and indeed we suggest that the term be avoided
altogether.)

Logical thinking may also be based upon the definitions or agreements that
are given to some of the words used in mathematics. In the early grades,
pupils become acquainted with the use of the words all and some, which are
known as quantifiers in logic. The pupils are able to distinguish between the
meanings of the two statements, "all balls are red" and "some balls are red".
In mathematics, the word some means "there is at least one".

Terms such as and, or, if-then, and not are important logical terms and
should be informally introduced in the elementary grades. In order to see why
it is important in mathematics for one to agree on the meaning of these terms,
one can examine the multiple meanings of each of these words as they are used
in the English language. Pupils need to distinguish between "numbers that are
both odd and prime" and "numbers that are either odd or prime" and to recognize
that "or" does not exclude "and". The meaning of the if-then sentence can be
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analyzed in simple situations such as this: "If Helen goes to the movies,
then Jim goes," noting that this sentence would be false only if Helen went to
the movies and Jim did not go. The if-then logic sequence can be further ex-
tended in the upper grades to geometric applications such as in testing the
accuracy of the statement, "If a plane figure has four congruent sides, then
it is a square."

Everyone should come to realize that mathematics is concerned with esta-
blishing the truth or falsity of sentences like "If A then B." It is only
when such a sentence is used that the pupil is concerned with the truth of A.
The main deductive scheme of logic permits us to deduce B from knowing the
truth of both "If A then B" and "A".

It is very important for each pupil to learn how to state the negation of
a statment. For example, the negation of "All isosceles triangles are
equilateral" is "There exists a triangle which is isosceles but is not
equilateral." The negation of "There is a largest whole number" is "For every
whole number there is a whole number which is greater than it."

Elementary school children seem to enjoy simple syllogistic arguments.
These arguments may be given in humanistic situations such as

Pretty girls are elected "Queen of the May."
Lana is this year's "Queen of the May."
Therefore, Lana is a pretty girl.

These examples should be given in conjunction with matY tical examples such as

Prime numbers larger than 3 are odd numbers.
Forty-one is a prime number.
Therefore, forty-one is an odd number.

In addition, these arguments should be accompanied by the appropriate Venn
diagrams. See, for example, Figure 3.

Integer greater than 3

Figure 3

Logic is also concerned with developing other types of patterns for drawing
valid inferences. Simple inference schemes should be informally introduced
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and kept at a level that makes sense to pupils. For example, what conclusion
or conclusions could be drawn from each of these situations?

1. John is the tallest boy in his class. John and Pete are in
the same class.

2, Suppose three pieces of chalk were placed into two empty
containers while you were not looking.

3. If oE a number is 6, then .1 of the number will be
of 6 or 3. What is the nuSer? (Many other deducim e

reasoning situations similar to this one occur in the
arithmetic program.)

The development of logical thinking is an integral part of the instruction
in all phases of the elementary mathematics program. At this level a separate
and distinct treatment of logic or logical thinking is not intended. The
teacher's editions of the textbooks should point out specific situations in
which the teacher can extend the lesson beyond the mere acquisition of facts
and skills into the level of logical thinking.



Strand 9. Problem Solving

Mathematics exists to pose and to solve problems--all kinds! Problemscome from the "real world" and from the "ideal world" of mathenatics. Sameproblems have profound implications, others are merely riddles; same problemshave "solutions," some only lead to other problems. Here we take the longview that a "problem" is an articulation of something that requires analysisbefore understanding. We realize that this criterion varies from person toperson. Because analysis is required and because it is personal, understandingdoes not come without some burst of invention within the mind. Haw can wefacilitate this creative mental process for elementary school children?

In this Strand we attempt to make explicit some methods for this
facilitation. It is important to differentiate this Strand from that ofStrand 4, Applications of Mathematics. In that Strand we were concerned withproblems arising outside the domain of mathematics; indeed, the key processin the application of mathematics is the construction of a mathematical modelor formulation of the problem. In this Strand we shall be concerned with thesolution of mathematical problems with mathematical methods or with physical
models which reflect the mathematical situation. The distinction we make isa real one. Almost all the problems we have cited as examples in this reporthave not been applications of mathematics outside itself.. We need more ofthose and that is why we have emphasized Strand 4. But we must also solve
mathematical problems. That is why we now emphasize Strand 9.

The ability to formulate meaningful problems has more value in the market
place than just the ability to solve problems. As we have indicated so oftenbefore, each attempt on the part of a pupil to formulate a problem should beencouraged. A high point of any teacher's career comes when his pupil asks aquestion the teacher has not previously considered. Of course it is a subtletask to be sure that a question has been reasonably formulated. We shall
attempt no definition of a "reasonably formulated" question; certainly pupilsshould be given considerable experience in formulating questions. We mustnot insist that all irrelevant data have been trimmed away; indeed, until asolution is obtained exactly what is relevant is unknown. Even data judged
irrelevant can suddenly lead to a new insight or method in solving the problem
itself.

It is our belief that most elementary textbooks do not contain real
problems. They do contain "verbal" problems. Often these are thinly disguised
computational exercises. For example, "John has 4 marbles. Dick as 6 marbles.
Haw many do they have together?" Exercises of this type are boring for the
learner who can read. The difficulty a slow reader has may have little to dowith mathematical concepts. We are hopeful that more problems will be included
which require pupils to explore, analyze and investigate. We strongly recommendthat at regular intervals problems occur which are open-ended in the sensethat they invite conjectures and generalizations. We shall include several
examples of this type of problem at the end of this Strand.
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One of the basic objectives of the mathematics program should be to pro-
vide pupils with opportunities for problem solving and to assist them in
devising means for attacking these problems with an expectation of success.
In this Strand we shall distinguish between problem folving strategy and
problem solving tactics. By strategy we mean a general overall plan of attack.
By a tactic we mean a single technique which will help with a part of
problem. This distinction is, of course, a relative matter; a strategy in
one grade may well be a tactic in another. For example, the strategy of
rezrouping for easy addition which might be taught in the early grades becomes
a tactic in the upper grades when it is used to simplify mathematical sentences
involved in a more complex mathematical analysis. We begin with strategy.

We recommend that the strategic principles we now present be expanded in
the teacher's manual so as to be introduced to each pupil. We insist that
these not be made a format to be followed or become a "step-by-step" procedure
to which all solutions must conform. We emphasize that in problem solving a
creative method of solution is more valuable than a routine answer. At the
same time, if a pupil has flashed to a correct answer his thought process
should not be hamstrung by having to conform to unnecessary formalism.

A first step in any strategy is to understand the proklem. Regardless of
the origin of the problem the solver must understand the problem so well that
he can restate it in his awn words. He should be able to identify given data
or the hypotheses and pinpoint the object of the problem. At this stage it is
sometimes useful to guess an answer and try it out.

This first step in attacking a problem is one which has proved to be the
toughest for the beginner. It is upon the first reading of the problem that
despair sets in. Here the teacher must begin to build confidence. Anything
the pupil says can be helpful; even repeating verbatim the statement! Every
pupil should be encouraged that any comment, even the most prosaic or trivial
is a right step in the right direction. Indeed, we find that no comment is
trivial or prosiac; each gives the teacher feedback as to how the pupil has
heard the problem. With such information a teacher can better help his pupil.
The teacher can stimulate discussion by suggesting information, techniques,
experiences, skills, or procedures that are already known that might help the
solver in this particular problem.

There are several tactics available to the solver at this point. He may
construct a diagram or picture of what is required. (Children in the early
grades are fond of inserting many superfluous details in such pictures. These
should be tolerated for they help to point out what a bare bones skeleton the
mathematical model really is.) He may construct a physical model or use
materials to simulate the problem. The use of aids should be encouraged. As
practice and skill increase the pupil should be led to the creation of models
which concisely present the essence of the problem. The pupil may also find
the construction of a graph a handy medium to describe various features of the
problem.
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Example. Janet has 7 cents. She goes to the store to buy one
candy cane that cost 1 cent and as many jumbo packages of bubble
gum as she can. If each package of bubble gum costs 2 cents how
many can she buy?

Figure 1 suggests a picture which a pupil might draw to aid his thinking.

2

1 cent

2 2

Figure 1

2

The tactic of making a picture of any mathematical situation might well
become the habitually accepted thing to do. This habit can be established in
pupils by imitation of the teacher who will always do this or often suggest
to the class that they do it together. The tactic should be started with the
first mathematical experiences when pupils are learning concepts and skills
and be carried on to more complex problems where the diagrams and graphs will
be more complex.

A good tactic at this point is trial and error, or the informed guess.
The problem about Janet might be further analyzed by a series of pictures,
as shown in Figure 2.

I
1

Total cost 3 cents

Total cost 5 cents.

Total cost 7 cents

2( 2c

Figure 2
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Once the problem is understood a next step might be to translate the
statements of the problem into appropriate mathematical language and symbolism.
This step is a crucial one, for in it, the conditions of the problem must be
made explicit and correct. This step in problem solving is essentially that
of constructing a mathematical model of the problem. The process of model
building was discussed in the Strand, Applications of Mathematics.

The preceding eight strands provide tools for this part of problem
solving. Each of the strands has something .to say about a language for ex-
pressing and relating mathematical concepts.

A statement expressing relations between mathematical concepts is called
a mathematical sentence. Such a sentence often consists principally of symbols.

Examples: 1. Solve 20 + 1 = 7
2. Solve 20 + 1 =
3. Angle ABC is a right angle since AB
4. Area (of a rectangle) = L-W
5. If. x2 < 4, then - 2 < x < 2.

One of the tactics we can help children master is the translation of
English sentences into mathematical sentences and conversely, the interpre-
tation of mathematical sentences as English sentences. This skill begins as
soon as any mathematical experience.

Example: "If Billy has four marbles and Jane has two dolls,
then Billy has more marbles than Jane has dolls."

This could be translated variously as:

-1.

2. 4 > 2

3. 4 = 2 + n.

Conversely, we can find many English sentences for the mathematical one,
4 > 2. One is "A car with four wheels has more wheels than a bike with only
two wheels."

Complex mathematical sentences should be dissected so that the student
comes to learn what each part of the sentence means. Such discussions will
point out the different role played by symbols indicating operations or rela-
tions ( +, <, and symbols which denote numbers or
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points or lines or symbols which stand for these ( x, a,Q , ,<> , P).
These discusssions will also point the need for the use of parentheses and the
role of the associative law. For example, 6 - (3 - 2) should be compared
with (6 - 3) - 2. The notion of equivalent mathematical sentences will arise
naturally when free rein is given to pupils to construct mathematical statements
corresponding to English ones. Introduce the notion of a solution set.

Mathematical sentences may assist a pupil to make generalizations in the
early stages of his mathematical education. If he observes that 0+ 1 = 1;
0 + 2 = 2; 0 + 3 = 3; and so on, he should be able to generalize, that for
every whole number n, 0+ n = n.

A single mathematical sentence will often unify different problem
situations. For example, the so-called three cases of percent can be united
in the single sentence

a c=
100 b

which relates the percent, a, the base, b, and the percentage, c.

Thinking through a problem situation may result in the formulation of a
mathematical sentence. When a pupil learns to describe a problem in his awn
words and then to state the relationships by use of a mathematical model in
sentence form, he has a sound approach to problem solving. The process of
building a mathematical model should not be mechanical but should lead to a
deep understanding of the mathematical process. Pupils who understand and
use this approach to problem solving seldom ask, "Do I multiply or divide?"
Procedural steps in problem solving should be established by the individual
pupil through his ability to verbalize what he did in any given situation,
rather than by a prescribed set of steps to follow. Allow him to think for
himself, permit him to get into situations that result in failure, ask him
questions that redirect his thinking, and eventually he will attain a solution.
Ask the solver to describe the situation to others. The teacher is always there
to listen!

It is important to notice that diffent situations lead to the same mathe-
matical sentence. These translation projects provide good opportunities for
the class and the teacher to think out loud together. The problem about Janet
and her seven cents leads to the mathematical sentence

2x + 1 = 7

Here are three more problems which lead to the same sentence.

1. Hale High has played 7 football games. One game ended in 6-6
tie. If Hale won half of the other games, how many did they
win?

2. Jim lives 7 blocks from school. Jim meets Bill one block from
school. When Jim met Bill, Jim had walked twice as far as Bill.
How far does Bill live from school?
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3. There are 7 children in the Hardy family. Tom is the only
boy. Every other child is a girl and every girl has a twin
sister. How many pairs of twins are there in the Hardy
family.

There are of course many equivalent ways to formulate a mathematical
sentence associated with a specific problem. Here are some ways any of which
could have been an equally natural way to formulate the mathematical sentence
associated with the above problems

7 = 1+x+ x

7 - 1 = 2x

7 - 1

>
>
=

2

2+ 2
2 + 2 + 2

X =
2

7 - 1 =
7 - 1 =
7 - 1 =

6

6

6

This last system of sentences corresponds to the trial and error method of
solving the candy cane-bubble gum version of the problem as worked verbally
by a fourth grader.

A later step in a strategy may concern the mathematical analysis of the
mathematical model or the mathematical sentences which express the hypotheses
of the problems. This analysis is of course the reason for having previously
introduced various techniques and acquired special skills. On the other hand
the need for this analysis may provide the motivation for the discussion of
new mathematical principles. Some tactics which may be helpful include reform-
ulating the conditions to be analyzed, studying associated functions, considering
extreme cases for any of the parameters involved, or creating new aids such
as graphs, models, or pictures.

Example: Suppose the mathematical condition required a solution
for 2 x+ 1 = 7. We could

(a) Try various numbers for x.
(b) Solve a similar, but easier, equation.

Replace 2x by y and solve y + 1 7 7.
Finally note that 2 x = y or x = y.

(c) Write an equivalent sentence: 2x = 6.
(d) Make a graph (Figure 3) of 2x + 1 = y from the

information obtained in (a)
(e) Change the sentence to 0 < 2x + 1 < 7. Do

this from the graph in (d).
(0 Change the sentence to 0 < 2x + 1 < 7. Do

graphically.
(g) Change the sentence to 2x = 7 or 2x - 1 = 7.

What are the effects of these changes on the graph
shown in (d)?



Information we can read from the graph:

If 1 < 2 x + 1 < then

0 < x < 3

Figure 3
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While not all of these tactics make the problem easier they do give familiarity
with the sentence! A pupil who has seen, and created, the ins and outs of
routine problems like these will have little difficulty with more complicated
mathematical sentences.

A final part of a strategy is the interpretation of the answer. An
answer must seem reasonable! A part of this strategy is also "checking your
answer." It is important to differentiate between a check carried out for
purposes of checking the accuracy of the problem analysis and the computational
work, and a check because some logical step in either the model building itself
or in the analysis (e.g. the introduction of extraneous roots) requires it.
An accuracy check must be carried out because of a personal desire on the part
of the solver (or his teacher) while a logical check is a part of the problem
itself.

In summary, we emphasize that in all problem situations the pupils must
be furnished the basic skills necessary to make the kinds of analyses which
will lead to a profitable attack. Teacher direction should help the pupils
to recognize that a problem exists. They will find solutions with a minimum
of interference in their experimentation. Necessary arithmetic skills can be
given as they are needed, but information for analysis is pupil work.
Visualization of problems, and sometimes the solutions themselves, should be
stressed by the use of graphs, flow charts, and any other visual aids they may
devise. Conditional statements should be used to a much greater degree than
they have been in the past. The logical developments to be expected by self-
questioning should be investigated and used. Where number manipulation is
required it should be done carefully and the result investigated. In most
cases numerical results should be anticipated by estimating in advance. This
technique should be introduced early in the mathematical experience of all
pupils, and should become second nature to them. Possibly situations will
arise, and they definitely can be contrived, where an estimate will point out
an error in analysis or translation before any numerical manipulation is
started. Results Should never be accepted without testing. Many times the post
discussion will be as valuable as the preliminary approach, and opportunities
for teaching from such discussion should not be overlooked.

In the course of the discussions both at the time of problem analysis and
during solution analysis, the teacher must be receptive to all pupil suggestions
and comments. Rejection at any time may.defeat the purpose of the discus,sion,
at least for the individual pupil, and could lead to abandonment of ihe parti-
cular problem, and possibly a regression in the whole problem solving technique.
Pupils' self image must be maintained at a level acceptable both to them and
to the group if discussion is to be kept profitable.
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Examples of Open-ended Problems:

1. Heidi said she had a good idea for a problem. Make a 3 by 3 by 3 cube
and paint the surface area. Naw find out how many of the 1 by 1 by 1
cubes are painted on one side, on two sides, and so on.

Complete the chart below:

Number of 1 by 1 by 1 cubes painted on Volume

0

Sides
1

Side
2

Sides
3

Sides
4

Sides
More than
4 sides

Number of 1
by 1 by 1 cube

Solution: 1 6 12 8 0 0 27

2. Three and six are triangle numbers, as they can be shown in triangular
form:

The first three triangular numbers are:

*

1, 3, 6,

Find the first 10 triangular numbers.

The triangle numbers are found in many patterns. For example, the
number of segments connecting 2, 3, 4, 5, .... points.

Non linear points ptt

NOTE: There are many similar patterns including square and pentagonil numbers.
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3. Richard has a balance and a set of weights.

1, 2, 4, and 8 pound weights.

In the diagram at the right show that the
box weighs 7 pounds.

The equation for this is 7 = 4 + 2 + 1

Write the equations which show how boxes of 1, 2, 3, 4, ..., 14, 15 pounds
can be weighed using the balance.

Another interesting problem is to use pound weights of 1, 3, 9, 27, ...

This problem involves base 2 and base 3 respectively.

4. Jane has 17 coins which total $1.00. What are they?

Solution: (a) 2 quarters, 3 dimes, 2 nickels, 10 pennies.
(b) 1 half dollar, 1 quarter, 3 nickels, 10 pennies.

5. Bill has 14. What coins may he have?

Camplete the chart

Solution:

1

1
a.

0

0

0

1

0

3

2

1

0

1

6

1

6

11

16

-.68=

1



6. Connected Sets of Squares

FM iii
squares. E:10 and

and are connected sets of

are not connected sets of squares.

a. How many different (distinct) ways can you make a connected set of
4 squares?

Note that f

*=111Mor

and are the same connected

set of 4 squares. The set has been moved to different positions.

Solution:

T'
b. How many different (distinct) connected sets of 5 squares can you form?

Solution:

111111111

.11.1111II

.1111111J

7"3

NOTE: Contrasting colored graph paper of 1" x 1" x 1" squares could be
furnished to pupils for problems "a" and



c. Which of the patterns below can be folded into an open box?

qimn

41111111146

111.

d. Will any of these shapes fold -into.a cube? Which ones?

Solution: A, D

11.1=111.

..

NOTE: Pupils could use paper patterns to fold for problems c and d.

7. Here are 3 boxes and an orange and a pencil.

Sam pUt them-as shown

40:KA

Jim put them as shown in the chart below.

Find other ways of putting the orange And pencil in the 3 boxes and fill
in the chart

Box B ,Box C

Sam

Jim

Box A
I
Box B

I
Box C II Equation

1 0 1 + 1 + 0 = 2

,,:, + 0 + 0 g= 2
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ALGEBRA FOR GRADE 8

An algebra course for grade 8 should appear as a natural outgrowth of the
concepts enunciated in Strands 1-9. For this reason we need primarily to list
tepics and prescribe proficiencies which should be achieved. In these brief
remarks we try to point out ways of looking at traditional topics in algebra
which reflect our primary concern with basic mathematical concepts.

One of the immediate goals for a first course in algebra is a study of
the important properties of the real number system which pertain ro and make
possible the solution of equations and inequalities. While this is essentially
an extension of Strand 1, Numbers and Operations, solutions of these systems must
be approached through the aVenues of functions and be related to geometry by
graphing on the real number line and in the real number plane. The class of
equations considered must find their motivations within meaningful applications.

It is appropriate to review the important field properties of the rational
numbers. These properties were listed in a table on page 10. A useful dis-
cussion can be centered around the set of numbers (a + b'VYT a and b rational).
This set of numbers is closed under addition and multiplication and satisfies all
of these field properties.

The set of functions which are studied in this first course in algebra are
almost exclusively real valued functions. We can now give a careful definition
of a real valued function from the point of view of ordered pairs of real
numbers and identify the domain and range of a function and stress the mapping
concept associated with functions. Processes of constructing new functions
from old ones should be identified. These processes should be linked with
techniques of graphing. The important operations are:

Addition: If f and g are functions, the function (f + g)
is defined by (f + g) (x) f(x) + g(x),

Multiplication: If f and g are functions, the function
(fg) is defined by (fg) (x) = f(x)-g(x), and

Composition: If f and g are functions, the function (fog)
is defined by (fog) (x) = f(g(x)).

These definitions do of course require some restrictions on the domain
and range of the functions. For addition and multiplication the functions f
and z, raust have a common domain. The domain of (f+ g) and (fg) is the
intersection of the domains of f and g. For the composition (fog) to have
meaning) the range of g must be contained in the domain of f. However, for
this first introduction, mathematical correctness can be preserved with little
loSs in utility if we consider only functions whose domain is the set of all
real numbers, . or, at worst, the set of positive real numbers. Sufficient
examples shoUld be given to show that composition is not commutative.
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Example: If f: x -)x2 and g: x + 2 then
fPg: x ---> (x + 2)2 while gof: x---> x2 + 2.

Thus: fog gof.

When composition as an operation on functions has been mentioned, the notion
of an inverse for a function should be introduced.

Inverse: If f is a function, a function g is called the
inverse of f if gof is the identity function,
i.e.: (gof)(x) = x for all x in the domain of f.

The inverse function must of course be clearly differentiated from the
reciprocal function. The simple relation between the graph of a function
and the graph of its inverse should be emphasized.

Example: If f 'is the function f(x) = x+ 2, then the inverse
of f is the function g defined by g(x) = x-2, while
the reciprocal function is the function h defined by
h(x) 1 .. Once more, if g is the inverse functionx
for f, then fog is the identity function. If h is
the reciprocal function for f, then f.h is the constant
function 1.

We recommend that a first study be restricted to the class of linear
functions. These are functions of the form

f: x 4 ax + 1, or f(x) = ax + b.

Many applications of mathematics lead to linear functions. Problems involving
rate, time and distance are in this category.

Many functions.can be reexpressed as (linear) functions in this compact
form. Indeed the traditional problems of collecting "likes with likes" are
included here.

Example: The following functions are all linear:

f(x) = 2x + 5 - x
g(x) = 6 - -77 +

h(x) = (x-1) (x + 1) - x2 + 2x.

Justification for the steps in the simplification used here should be discussed
and some exercises designed to achieve proficiency in these techniques should
be included.

It is important to note that except for the constant functions (the case
a = 0) these functions have inverses which are also linear. Linear functions
also have other nice properties; they are closed under the operations of
addition and composition--but not under multiplication. In this way, the
mathematical system of linear functions has many properties of the integers
under addition.
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It is important to relate these functions to their graphs in the numberplane. We recommend giving en informal demonstration, based on the geometric
concepts of similarity already introduced in the K.-8 program, that the graph
of a linear function is a straight line, and (with the obvious exceptions)
conversely. The usual trouble with lines which are parallel to the y-axis
arises, but from such a discussion we can int,-oduce relations and linear systems
of equations and inequalities in two indeterminates.

We recommend solving linear inequalities graphically as well as algebra-
ically and providing a display of the results both on the number line and in
the number plane.

Eiample: For what values of x is -2 < 2x + 1 < 2?

Graphic solution: Graph the function f: x--.) 2x + 1

Figure 1
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Identify the interval (-2,2) in the range of the function. Find the corre-
sponding interval in the domain. Conclude (region shown with hash marks)
that if -3 < x < -1 then -2 < 2x + 1 < 2.

-7 2

Algebraic solution:

- 2 < 2x + 1 < 2

1. Add (-1) to each term of the inequality. (This is possible
because of the rule, if a < b then a + c b + c, for real
numbers.) Obtain:

- 3 < 2x < 1

2. Multiply each term of the
(This is possible because
c > 0 then ac < bc, for

inequality above by 4,
of the rule, if a < b and
real numbers.) Obtain:

We mention here a challenging and useful area of applications of linear
equalities and inequalities. The area is known as linear programming. Here
is an example.

Suppose that a dog's diet must contain at least 4.8 pounds of
carbohydrates and 6 pounds of protein each week. Brand X dog
food provides 407 carbohydrate and 607 protein and costs $.25
per pound. Brand Y provides 607. carbohydrate and 407 protein
and costs $.20 per pound. How much of each brand should be
purchased each week so that the combined diet will meet the
minimum requirements and yet keep the total cost at a minimum?
(Assume that there is no upper limit on the total number of
pounds which may be consumed, although obviously an amount
close to 4.8 + 6 = 10.8 is desirable.)

A study of quadratic functions should follow the discussion of linear
functions. Quadratic functions are those of the form

f: x-1 ax2 + bx+ c.

By permitting a = 0, we can include the linear functions in this class.
However we recommend the convention of using the term "quadratic functions" to
mean that a i O. Once again, to recognize which functions are quadratic, or
to have facility in operating with them, we need considerable practice in the
manipulation of these expression in x. It is important to study these functions
as affected by the parameters a and c Thus compare g(x) = x2 + 14x+ fr and
f(x) = ax2 + bx + c = a.g(x). Compare h(x) = x2 and k(x) = x2 + c = h(x) + c.
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We shall of course require the discriminant and the quadratic formula
to determine the teal zeros of quadratic functions. We recommend that heavy
emphasis be placed on the process of "completing the square" which turns out
to be more useful than the quadratic formula itself4 For example, given both
the functions f(x) = x2 + 2x: + 3 and g(x) = (x + 1)h + 2, we can easily prove
that f(x) = g(x) for all x. However it is more important to be able to trans-
form the form of the function x2 + 2x + 3 into the form (x + 1)2 + 2, and to
know that such a procedure will be helpful. Through these techniques every
student should know that any quadratic function is essentially like the squaring
function x x2.

For the class of quadratic and linear functions we should study the
operations of addition, multiplication, composition and the existence of
inverses of functions. The comparison of the behavior of all quadratic functions
with the function x -tx2 Should be related to the effect of a translation of
coordinates.

A host of interesting and important applications can be approached by
considering verious isoperimetric problems involving rectangles.

Example: A boy has some money to buy fencing to build a pen for
his pet rabbit. He has decided to build a rectangular pen since
this simplifies construction problems. -He may build At either
within the center of the yard, or along a two foot stretch of the
neighbors' fence. If he builds in the center of the yard he may
use arbitrary dimensions (except that of course he can't exceed
the length of fencing he may buy)! If he builds along the neighbors'
fence he can save that two foot stretch of fencing, but in this
case he must build a pen that is only two feet wide. Where, and
in what shape should he build the pen to make most effective use
of his fencing; that is, how can he get the biggest area fot his
mnney?

Discussion of this problem will include the extreme value problems of a
little and a lot of fencing. It will also include what shape he should build
if he builds in the yard. We should conclude that of all rectangles with a
fixed perimeter, the square has the largest area. This discussion will include
the corollaq that the geometric mean is smaller that the arithmetic mean:
117ci < a-7.1 by comparing rectangles of size x by y and the square of

side x'.4.X.

In connection with quadratic functions it would be natural to include a
brief introduction to complek numbers. If we denote a solution of x2 = -1
by i, we may then study the set of numbers (a + bi: a, b real) under the
usual definitions for addition and multiplication. It is easy to show that
these numbers, just like the set (a + b Yr a, b rational) satisfy the
field properties listed on page 10, except for the ordering properties. If
the complex numbers are introduced, it could be shown that every equation of
the form ax2 + bx+ c where now a, b, and c may be complex numbers, has a ,
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solution in the field of complex numbers. The geometric representation of
complex numbers as points in the complex plane uight be included as well.

In this first course in algebra we do not believe that the full scope and
power of the class of all polynomial functions need be stressed. In particular
we do not recommend treating polynomials as expressions or forms in an
indeterminate. All discusssions should be kept as concrete as possible by
discussing functions.

A class of functions we do want to introduce are those involving exponents
and radicals. In developing the traditional sequence of functions of the type

f: x xn where n is a positive integer

the essential difference of the even and odd cases should be examined. It is
important to study the behavior of these functions as they depend on the
parameter n. Of course the standard rules for operating with exponents must
be covered.

Next we study functions of the form

nf:
li

There are a variety of motivations which can and should be used to investigate
these two classes of functions. One that should be included is that of seeking
an inverse for all or part of the function f(x) = xn where n is a positive
integer. In particular we follow the convention that x1/2 denotes the positive
number, if any, whose square is x. Thus (y2)112 lyl.

In studying exponential functions it is important that some time be spent
in computing with rational values that "work out" nicely. In this way the
construction and use of a table of the integral powers of 2 is a useful
learning experience.

It is but a short step to fractional exponents; that is, functions of the
type

h: x--)xPici where 2 is a rational number.

pl/q qpThe law, valid for positive numbers x, which states that (x ) = (x )
may also be viewed as stating a result about the composition of the functions

f: xP and g: x4x1/(1 (x > 0).

This result is that h = fog =

Finally, negative exponents should be introduced.

There are many subtleties in the treatment of exponents. One concerns
the standard laws:
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arttS ar + 8

(ar)8 . ars

arbr = (ab)r.

These hold for certain combinations of a,b, r and s, but not for others. They
all do hold when a and b are positive. On the other hand we contrast the
standard paradox

with

-1 = (-1)1 = (-1) 21'2
= ((-1)

2
)
1/2

= 1
1/2

= 1

-1 = (-1)1 = (-1)3/3 um ((-1)
3
)
113

= (-1)
1/3

= -1.

This subtlety must be explored!

Another subtlety concerns inequalities and order. Note that 7477< x if
x > 1, but x < 1 if x < 1. For what combinations of x and rational r is
xr > xl On the other hand, the exponential functions are monotonic; that is,
if x < y then xr < yr for positive exponents r.

It is desirable that the student have an intuitive gratp of the continuity
of the functions.

f: x--)xn and g: x1/11 for integral n.

Sufficient eximples should be provided so that each pupil will get a feel for
the fact that, for example, if a and b are close together, then an and
bn are close together, aad conversely. Each pupil should know that each
positive real nuMber has an ntn root, and should know some techniques for
finding an approximation. Such,ipmiliarity is important before tackling such
problems as the meaning of 2 74 Irrational exponenta should be discussed,
but in no great detail. We do recommend that a basis for later work with
logarithms be laid. An excellent way to dt,this is to constrgct a table of the
powers of 10 using estimates like 103~2Au and so 20.-010. A complete
treatment of this approach is given in "Goals for School Methematics", the
Report of the Cambridge Conference on School Mathematics, (pages 73-76),
Houghton Mifflin Company, Boston, Massachuset:.s, 1963.

The study of rational functions of the form

2x2 + 3x + 5
r: x --)

x - 3

or more generally of the form

f(x)
s: x-*

g(x)
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where f and g are polynomial functions, should be undertaken from the
point of view of what properties the function inherits from those possessed
by f and g. Many of the traditional algebraic skills are acquired in drill
in simplifying funct!'ns of this type. The similarity with rational numbers
should be observed in carrying out these manipulations.

The crucial subtlety in dealing with rational functions is the determi-
nation of the domain of the function. We want to be correct, but not pedantic.
We want students to learn to take care in making combinations, but we do not
want artificiality to pass for mathematical sophistication. For example, suppose
we are given two functions, f and g.

x2 1
f: and g:

x-1

For each of these functions we exclude (1) from the domain. But what of the
function f-g?

1
f - g:

x-1 x-1
1 x?-1

We see tthst - for all x 4 1.
x!-1 x-1 .x -1

The last expression is of course not reduced to "simplest terms". If we
do this we obtain x+ 1. It is true that f-g: x-÷x+ 1 for all x 1,

but we have no mathematical right to claim that (f-g) (1) = 0. The question
we are really asking is, for what x is

x2-1
x + 1?

x -1

Thisis Probably too subtle a question' to be considered in a first course in
algebra: Certainly it should not be made an. itsue, but it should bi pointed
out that "identities"'like the one above hold only for numbers in the domain
of the two funftions.

-`:

There Should be space and.time in this algebra syllabus for the inclusion
of same.tdpics from elementary number theory. This subject can provide an
appropriate setting for many principleS of logical thinking. A non trivial
exercise in logical thinking and nqftber :theoretic problems is to show that to
determine 'Whether an integer, say 1107, is-a prime, .we need only check as
possible factors thoie primes'less than or equal to its.square root, in this
case, the primes up to and including 31.
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GOALS

The following statement of goals for the student is in general terms;
we refer to the main body of this report for indications of depth and extent
of coverage. We believe that the following objectives can be stated and
tested in behavioral terms.

1. Numbers and Operations

To use effectively the fundamental operations of arithmetic, computing with
fractions and with decimals; to understand and utilize the properties (commu-
tative property, etc.) of the operations, and the properties of order and
absolute value; and to understand the structure of the several number systems
and the special properties of each.

To read and-understand mathematical sentences involving operations, ex-
ponents, and letters, and to formulate and use such sentences in the analysis
of mathematical problems.

Geometry

To recognize and use common geometric concepts and configurations; to
utilize compass and straight edge for simple constructions; and to understand
and to construct simple deductive proofs.

To use the elementary quantitative geometric notions, such as measure of
angle, area and volume; to utilize the concepts of similarity and congruence
in applications such as plans and maps; and to utilize the coordinate plane.

3. Measurement

To make measurements; to understand the notion of unit of measurement, and
to use and interpret various units; to understand the degree of accuracy of an
approximate measurement; to estimate measurements and the results of simple
calculations involving measurements; and to conceive and use forms of measurement
as functions.

4. Applications

To analyze concrete problems by using an appropriate mathematical model;
to employ graphs, scale drawings, sentences, formulae, computations and
reasoning in studying the mathematics of such a model; to interpret mathematical
consequences in concrete terms; and to examine the concrete results of such
an analysis in terms of reasonableness and accuracy.
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5. Statistics and Probability

To construdt and read ordinary graphs.

io collect'and organize data by means of graphs and tables; to interpret
data using concepts describing central tendency, such as mean, median and mode;
and to understand statistical variance as a measure of central tendency.

To understand, at a simple level, the idea of sampling, and to interpret
and predict from data samples.

To understand rudimentary notions of probability theory and of chance events.

To understand and use routinely the basic set concepts, notations, and
operations.

7-4.,RinctiOns and-Graphs

To use the coordinate plane to display relations and to organize data; to
recognize and utilize the concept of function, or functional relation; and to
use functions and the usual functional notation in .analysis and problem
solving.

8. Logical Thinking

To-understand, -to appretiate, and to' use.precise stateients; to understand
and 'use correctly the simple logical connectivet such as-: "And", "if-then",
etc;;, to:distinguith, conceptually and in operations, between the "for some"
and "for all" quantifiers; And to follow and to construct simple deductive
arguments.

Pro'blém Solving

To 4eVise And apOy strategies for analysis and solution of prOblems, and
to use ettiMation and approximtion to-verify the.reasonableness of the outcome.


